10. The Sinusoidal Steady-state Analysis

Input : Sinusoidal function

Natural response : same

Forced response (R, L and C ): Resistance — Impedance(Z) in the s-domain
Extension of techniques of resistive circuit analysis.

1o.1 Characteristics of Sinusoids

v(t)= V. sin(wt)
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(unit) Radian or Degree v.s second

v(t)=V_ sin(wt+80) A

m

V .
o V., sin wt

(1) Amplitude : V, / J/
|

(2) Radian (Angular) Frequency : w
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p— = —_— < = —
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(3) Phase : 6

Example) Plot the waveforms v.s wt-axis and ¢-axis

(1) v(t)=10sin(1007t)
(2) v(t)=10sin(1007t+45°)
(2) v(t)=10sin(100mt—45")



® Ldgging and Leading
(D) v(t)=10sin(100mt) and v(t) =10 sin (1007t +45° )
(2) v(t)=100sin(2,000mt) and v(t) =100 Sin(2,000m€—%)

sol)

Out of phase : Lagging or Leading
In phase : The same phase

€ Converting Sins to Cosines

cos(wt) = sin(wt+90° )
sin(wt+£180° )= —sin(wt) and cos(wt+180° )= — cos(wt)

Example) Find phase difference.

v, )=V  cos(5t+10") and v,(t)=V, ,sin(5t—30")

m

sol)
v, )=V, cos(5t+10°)
=V, sin(5t+10° +90")
=V . sin(5t+100"°)

ml

=V  sin(5t—30° +130")
Hence, v, (t) leads wv,(t) by 130°.
OR v, (t) lags v,(t) by 230°.
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10.2 Forced Response to Sinusoidal Functions

Natural response : the same (Source-free)

€ The State-stdte response Ao ’\/Ii/\/
di .
L—+ Ri=V, cos(wt) 2
dt v (1) =V, cos wt C}) g L
sol)
The forced response always have the general form

i(t) =1 cos (wt)+ L sin (wt)
=Original form+its Derivatives

L[~ Lwsin(wt)+ Lwcos (wt) |+ R[ L, cos (wt) + L sin (wt) |= V, cos (wt)
[— LLw + RL]sin(wt) + [ LLw+ RL — V, | cos (wt) =0
—~ —LIw+RL=0 AND LLw+RL—V, =0

RV, wlLV,

— m d ] — m
R*+ulL? PR L
u ©) RV, (wt) wLV,
ence, i1(t) = ———F—cosluwt) + ————=
R*+w’L? R*+u’L?
v

m

=—2>" _ cos(wt—0)

where 0:tan_1(w—}§), Acos (wt) + Bsin (wt) =

= 4

sin(wt)

ﬁcos (’U}'If - 0)
Example 10.1)

skip
using the other methods



10.3 complex forcing fn.

e = cos(f)+jsin(8)
vV oelwtt8) — 7 cos(w+0)+5V sin(w+6)

m m m

V,, cos (wf + 0) N ll,” cos (wt + )
jvm sin (wr +6) N l.ﬂm sin (wt + &)
‘/m()j (wt + 0) N l ]m() J(wr + &)

V, cos(w+8)=Re{V, /P and I,cos(w+0)=Re{l,e/"" "}
The use of complex quantities in the sinusoidal steady-state analysis leads to methods which are
much simpler than that of real quantities.

Example) The previous example

sol)
If the complex forcing function is applied

0, ()= Ve

then, complex response with unknown amplitude 7 and phase angle ¢.

m

i(t)—>[mej(wt+¢) =) i(t) =1 cos(wt+¢)

m

Find amplitude 7 and phase ¢.

m



L di
Ri+ L =v,(t) - R|I,

RI el ej‘ﬁ-%—[/[mej‘b [jw ejwt] =V "

m

RI ¢ +ijlmej‘/’ =V

m m

g V., Vmejoc
e = =
" R+ jwl [R2+ W 2L2 eitan (wL/E)
_ Vm —jtan "(wL/R)

- VR* 4w L? ‘

Hence, [, = —————
VR* 4w L?
= i(t)=1 cos(wt+ o)
V

m

=" _ cos(wt—tan* (wL/R])

and ¢ = —tan_l(w—;)

Example 10.2) Find steady-state v.(t)

sol)
v, (t) =3cos(5t) — 3

v,(t) =V, cos(5t+¢) — V, e+

Differential eq.

Ri(:(t)+v(;(t>:7)s(t) — i, = o—=<

e ()=, (1)
R dt—l—vct—vst

dv,
Qd—f +v, =,

v, (t) — 3¢ and v, (t) — Vmej(5t+¢)
2[ v e 05)675@ + Vet =36

V et = 3 — 3 efjtan"(10/1)
" 1+710 /14100
=0.02985 ¢~ 43 [V]
=29.85¢ 3 [m V]

Hence,
v,(t) =29.85 cos (5t —84.3° ) [ V]

ej(wt +¢) ] s

a
dt

[[ ej('u;t-!—qb) =V e]'wf,
m

m
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l1o.k The phasor

Frequency domain(s-domain) representation

® PhAasor transformation

time domain representation —  freq. domain representation

T \J

solution in time domain < solution in freq. domain

Example) sinusoidal forcing fn. : amplitude and phase
v(t)=V, cos(wt+0) — V=V "=V 26

i(t)=1,cos(wt+¢) — I=I e =1 L¢

Example 10.3) Find phasor representation of () = 100 cos (400t —30°).

sol)
V=100£ —30° at freq. w=400 rad/sec

& phasor relationships for R

i 1
v(t)=V cos(wt+0) — Vmej(wtw) -
; ; + +
Z(t) = Lrlcos(wt+¢) N _[”Le](ﬂft+0)
Ohm’ s Law v=Ri §R V =RI §R
v(t)=Ril(t) B _
V edwt+0) — pr ilwt+e) O—— O———
Ve’ =RILe" () (b)
V=RI
& phasor relationships for L .Y _,I
di * +
v(t)=L—
dt D_chl %L V =jwll gL
Vmej(wt+e> =7 Umem (jvw)ejwt] ~ T dt =]
V, e’ =jwLl e — =
V=jwLlI :



& phasor relationships for C _ dv

i=0~— I=joCV
dv —> dt -
it)=C—— O—— O——
dt + -+
]mej(wt+<§9) — C[ I/;neW (jw)ejwt]
I e =jwCV e F T € v T C
I=jwCV
€ Impedance and Admittance
P (@) (b)
4 _ L1
Z=7 Y= 7

: Ohm’ s law in the freq. domain

(1) Resistor Z=R
(2) Inductor Z =jwL

. 1
(2) capacitor Z = e,

Example 10.4) Find i(t) for L=4H inductor applying v(t) = 8cos(100t—50 )
sol)

V=84 —50° at w=400 rad/sec
_V_8£-50° _ 82£-50°
Z  j400x3 1200290 °

Hence, i(t) =0.02 cos (400t — 140 ° ) [A]
=20 cos (400t —140° ) [mA]

=0.022 —140° [A]

€ All circuit analysis techAniques

the same technique
KVL, KCL, Mesh analysis, Nodal analysis, Thevenin’ s equi. etc.

Example) Find 7, given V.=V 20" [v,(t)=V,, cos(wt)]

sol)
A, R
KVL  V+V, =V, AAAY,
RI+jwLI=V, /0" + Vg -




v, 20° V,, 20°

[: - p—
R+jwl /R4 212 ztan ' (wL/R)

m

= W ya _tan71 ('IUL/R)
w

%

m

Hence, i(t)=

cos(wt+¢) where ¢=—tan" '(wL/R)

Example 10.5) Find Z and i (t) operating at w=2rad/sec, Given I, =2/28"

sol)
1 I, 2,98
= == 12 —62
Ve JwC T 42 2290 6
I, = V"—054 62
90

L=1,+I=05/-62°"+1/—62° =15/ —62"

Hence, i (t)=1.5c0s(2t—62° ) [A]

Example 10.6) Find equivalent impedance.

w=>5 rad/sec
sol)
1 1
N0mF — 7, = ——=—= —j
00mf— Z, Wl J
500 FHZ_L—L——'OZI
m T Gwe 25 7

2H — Z, = jwL=j10

Z,,= 1082/ /{—j+j10+ [6//—j0.4] }
= 4.255+ 5j4.929 [£2]
. — 2.4 .
where 6//—j0.4= ——=10.02655 — 5j0.3982
6—70.4

200mF 2 H

— —m

10 Q 60 500 mF =
(a)

—{Iﬂ 710 Q

i 11

10 Q 60 —j040=
(b)



Example 10.7) Find i(2) i(1) | kQ

AA"AY —A\W
sol) 1.5 kO
v, (t) = 40sin(3,000t)
=40cos(3,000t—90 ° )
= V,=404£—-90° (@)
1 . . .
ng [H] — 7, = jwL= 41,000 = jlk I (%03
] 1 NWN—— VW
1 V, =40/-90°V @) 1k ==-j2k)
o 1070
X
43,000 G .
Z,,=15+;1//[1k—j2] (b)

=2+41.5 (k2] =2.5236.87° [kf?]

Phasor Current

o Vs 402 -90°
Z, 25/3687°

cq

=164 —126.87° [mA]

Hence,
i(t) =16cos (3,000t — 126.87° ) [mA]

¢ Wdadrning!
_ 40sin (3,000t)
2.5/36.9

. 40sin (3,000¢)
t = 3 -~ 7
A8 = ilt) 2471.5

i(t) ( x)

( X))



10.b Nodal and Mesh analysis

Example 10.8) Find v, (¢t) and w,(t)

10 Q) 'D 0.5/-90° A

-j5Q
|(
AL
jl1Q
1/0° A C'D s ’l‘;lnﬂ. A
sol)
At the left node, KCL
Vl+ v +V1_V2+V1_V 120° =1440
50 =5 0 -
At the right node, KCL
Vo=V =1 V T .
— 4 — =054 — = 50.
— + 10 +j5+10 0.54—90° = j0.5
Multiplying 10 to the egs.
2V V420V = Vo) = (Vi = 1) =10
RV, =) —i(V,= V) =52V, + V,=35
Arranging
(2+2)V,—j V,=10
—jiVi+(1=4)V,=j5
Crammer’ s law
‘10 —j‘
§5 1—j 10—510—5 5— 3510 . .
T R N () EE RS At
-7 1=
‘2+j2 10‘
-5 45 —10+3510—(—410) —10+ 420 _ .
Y a— - = 2+j4=4.472116.6
—J 1=7J
Hence,
v, (t) =2.24cos(wt—63.4° ) [V]

vy (t) = 4.47 cos (wt +116.6 ° ) [ V]



Example 10.9) Find 4, (t) and i,(¢) 30 U 500 uF i

I{
I\

sol)

w= 1,000 rad/sec 10 cos 103 V ,’:D 4 mH <+> 2i,

dmH — jwl=j4

1
BO0pF —> ——=—j2

Jwdl (a)

Around left mesh 30 -j2 Q)

3 +j4(L —L)=10

W—r—t
= (3+j4)L —jaL =10 (%) m@v@) @ /D ﬁgg,
j4Q

Around right mesh
G4, — 1) —j2L+2L =0
= 2—j4) +2L,=0  (*%) (b)
(%) + 2 x(*%)
(7—j4)L =10
_ 10 10
7T—j4  8.064—29.75
= L, =2.77.56.3"

= 1 =1.24,29.75°

Hence,
i, (t) =1.24cos (1,000t +29.7° ) [A]

iy (t) =2.77cos (1,000t +56.3° ) [A]



10.11 Superposition, source transformations,
and Thevenin's thm

Example 10.10) Find v, (t) using superposition, Return to Example 10.8).

v, A v,

l 10 Q)
J . .
1/0° A G‘,) 50 T_m 0 j5Q 10 Q GD 0.5/-90° A

sol)

Simplification

—j10 Q

1/0° A G‘D 4-j20 2440 G‘ 0.5/-90° A

Ref.
(1) Only the left source, 7, =14 (Right source open)

Vie=1, p X (4—42)

_1—33 —2—714

4—j2 —2—j2
=350 < ( )= 3= 72 [V]

(2—56) 2— 46 1—33
here 1,, ., = % x14=-—22
VBT Lrap = 4+ 0—46) T 6— 48 3—j4

(2) Only the right source, 7, =0.52—90° =—;0.5 (Left source open)
Vie=1ps- 72 X (4—752)

—gfj; x(4—j2)= —1[V]
2+ jd _ 2444 —2+4j
here foi = o arla—jiz) W= s < V09 = G

Total current
V=V, +Vi,=02—52)+(—1)=1—52=224, —634"
= v, (t) =2.24cos(wt—63.4° ) [V]



Example 10.11) Find Thevenin's equivalent, faced by the —;10 2, Return to Example 10.10)

\F| \"-‘\
-j10 Q ;
1/0° A (_‘D 4-j20Q 2+j40 <¢ 0.5/-90° A
b

Ref.
(a)

+ V,. -

1/0° A GD 4-j20 2 +j4 0 G‘ 0.5 /-90° A

(H)

r ——Zy— 7 ~j10 Q)

4-j20 2440 64720

th

() (d)
sol)
(1) Open circuit voltage, V,. (Open the impedance — ;10 §2) ~ Fig. (b)

Vo= I/4—j2_ V2+j4
(4—52) x1A— (24 j4) < (+0.5)
6—43 [V]

(2) Equivalent Impedance, Z, (Remove the independent sources) ~ Fig. (c)
Z,, = @4—352)+2+54) =6+32 [

Thevenin’ s equi. circuit ~ Fig. (d)

Current through the impedance, — ;10 {2
I Vin _6—43
2 (6+452)+(—510) 6—38
Downward current through the 4— 32 {2 branch.
I =14—-1,=1-(0.6+,0.3) =0.4— 0.3 [4]
= V, =L x(4—352)=(04—3503)x(4—j2)=1—752[V]

=0.6+70.3 [4]




Example 10.12) Find the power P,,,.

10 £}

n

-

sol)

2 sources operating different freq.
(1) Right source

w=>5rad/sec
0.2F — L
) JjwC J

1

. —j04
10—5—50.4
= i'(t) =79.23cos (5t —82.03° ) [mA]

= 7

(2) Left source

w =3 rad/sec

1

1

_ — j1.667
10— j0.6667 — 51.667

= i'(t) =811.7cos(3t—78.86° ) [mA]

:> I//

Total current, i,,,=14 +i”

(er)

X2A4=179.232 —82.03"

[mA|

@) 2cos 5t A

(&)

Il
|
P
I
()
<5
W/
J
=

Ne

j1.667 ) _j0.6667 0=

X5A=811.72 —78.86° [mA]

=79.23cos (5t —82.03° ) +811.7cos (3t —78.86 ° ) [mA]

The power

Prog = 119 X 1012

=10 % [79.23 cos (5t —82.03° ) +811.7cos (3t —78.86 ° )|* (W]

<Homeworks>

=24 1~9, 10~70 (AE A= =A)



