Chapter 7. Root Locus Method.

The root locus is the trajectory of the roots of the char. eq. in the s—plane as a
system parameter varies.
= Graphical information

7.2 Root Locus Concept

Example) Unity f/b control system - Fig. 7.2

G(s)
R(s) > ! SUR
¥ K G ]
N
T(S):W where A(S):lJFKG(S):lJrKW
char. eq.

$24+2s+K=0 where K @ system parameter (K = (0 — co)

If K=0, then s,,=0, =2

If K=1, then s;,= —1

If K=2, then s,,= —1%j

If K=3, then s,,= —1%£352

* Root Locus
K=1— oo (positive real) d
EATEA 1+ KG(s) =05 W53t

(59 Ae) 29 A8

s34

rlr




char. eq.
1+ KG(s)

0 = KG(s)= —14;0 at cartesian coordinate

. 180 )
=  Aed? =17 at polar coordinate

1) Magnitude Criterion
A= Mag. of KG(s)=|KG(s)|=1
2) Phase Criterion
& = Phase of KG(s) = £ {KG(s)} = £{G(s)} = £180°

The root locus is constructed by finding all points in the s—plane that satisfy the
phase criterion, and then the values of K along the locus is determined by the

magnitude criterion.

¥ Return to the previous example - Fig. 7.2

char. eq. 1+ Kp(s) =0
) 1 1
= = - = e
s°+25s+ K=0 1+KS(S+2) 0  where p(s) ST 2)
< Phase Criterion >
1
1(7) = +180° = £(1)—[4£(s)+4(s+2)] = +180°
s(s+2)
£(s)+ 4 (s+2)= +180° Aja)
ex) s= —z , where x=[—2, 0]
— —»>
£(s)= +180"and «(s+2)=0" s+2 s
~) £(s)+ £ (s+2) = £180° : satisfied —R Pgt—
ex) s = —1+jy, where y=[— oo, o] -2 §=-x 0 c
£(s)+ £ (s+2) = +180° : satisfied
at y=1 s - plane

£(s)=135"and «£(s+2)=45"
ex) the other point
£(s)+ 4 (s+2) = £180°

< Magnitude Criterion >
K=7 at s=—1

K K
p— p— :1
sob) | KGs)| s(s+2)‘ [s[Ts+2] o
at s=—1, K=|s||s+2|=1x1=1
s - plane




Example) Single—loop system - Fig. 7.2

G(s)
R(s) 1 C(s)
K > ) >
+ s(s+a
sol) char. eq.
1 .
1+KG(s)=0 = 1+Km =0 = s*+as+AK=0 where a is parameter
s s s
14+a =0 where G(s)= =
S+ K S+E  (s+jVE)s—jVK)

< Phase Criterion >

L{(ng[()=i180° = 4(s) = [L(s+VE) + £ (s—jVE)] = £180°

ex) s = —z on the negative real axis
£(s)= £180" and £ (s+jVE)+ £(s—jVEK)=0"

Hence, phase criterion is satisfied.

ex) s = —x+jy on the semicircle
£(s)=A4 and 4£(s+jVEK)+4£(s—jVK)=B

Hence, phase criterion is satisfied.

< Magnitude Criterion >
a=7 at s=—K

2K

X
als| 1 S g= V2 K \/gK:

as
I Gls)l= B B
so) laGle)|= | = A K

s=-K




7.3 The Root locus procedure ~ 7 steps
<step 1> Write the char. eq. as follows ;

1+ Kp(s)=0 where K is a variable parameter.

n,

H(s%—zi)

i=1
= 1+K72n =0 where 2z : 94, p; + A

4

]:[(3 +pj)

j=1

= pole—zero map

When K=0, the roots of char. eq. are the poles of p(s). = ZH &2 A ZH
When A =oco, the roots of char. eq. are the zeros of p(s). = Z#A9 L= 4

proof)

n[) n z

H(s+pj) —i—KH(s—i—zi) =0

j=1 i=1

TL[]

if k=0, = [J(s+p)=0: p(s)a =4

Jj=1
n,

if K=o, = K[[(+2)=0: p(s)2 94

i=1

<step 2> Locate the segments of real axis that are root loci.

= The root locus on the real axis always lies in a section to the left of an odd

number of poles and zeros of p(s). A
.. jo
") phase criterion
Example 7.1) 2" order system K0 Koo K0
1 O € >
55+l 4 27 0 -
char. eq. 1+GH(S)=1+K1—=0
ZSQ—FS
25 +4 2(s4+9 Pole-zero map
Do1r B L g2t
s*+4s s(s+4) jo A
2) root locus on the real axis
% check angle criterion K=0 =00 K=0
. *X——-O x—»
£(s+2)—[4(s) +4(s+4)] = £180 4 2 0 -
¥ at s=—1, K="7
x
2K|st2| L 1x3 3
|s||s+4] 2X1 2 Roots Loci




<step 3> Asymptotes of root locus
5 K=o W 2949 $9A
The loci proceed to the zeros at s=co along the asymptotes centered at o, and

with the angle ¢,.
_ Y poles of p(s)—Y, zeros of p(s)

np -n,

04

2q+1
¢A:M7 q:1727"'(np_nz_1)
n,—mn,

Example) In the previous example 7.1)

_(0-4)—-(-2) _ (¢t 1) B
O'A—T— 2 and (z)A— 9—1 q—O
=T
Example) Plot root locus.
char. eq. $*+2s+K=0
sol)
1) 1+ K ! =0 = 1+K#fo
s2+92s s(s+2)
=  pole—zero map
2) root locus on the real axis
3) asymptotes of root locus
(0—2)—(0) (2¢+1)m
= — = — e ——— p— ’1
o4 5.0 1 and o 5o = ¢ 0
T 3m
27 2
ja)A K— o ja)A
| R
K=0 K=0 K=0 S£0\2 =0
2 0 - 2 3mNk-l 0 -
2
K— oo




Example 7.2) 4™ order system
s+1 .

s(s+2)(s+4?

1) pole—zero map

1+ K

2) root locus on the real axis
3) asymptotes
(0—2—4—4)—(-1)

04 = - = -3
¢+ )r _
¢A—?a q=0,1,2
_ T dmoom
37 37 3

<step 4> Intersection with imag. axis

= Routh—Hurwitz criterion

<step 5> Breakaway point off/into real axis

K=0 K=0
x S B > >
o o
Breakaway point Breakaway point
off real axis into real axis
To find real values s that maximizes KX To find real values s that minimizes K
between 2 poles between 2 zeros
K=0 K=c0
K=0 K=0
X > < X '
o
K=0

—1
1+Kp(s)=0 = K=

dA(s)

Analytically



1

sol)
K= —(s+2)(s+4)= A(s)
d‘flis) ()54 4)+ [~ (s4+2)] (1) =0
2s+6=0 = s=—3 = K=-—(—1)(1)=1

Another method) Graphical method

A(s) = (s+2)(s+4)

Breakaway
pt

Example 7.3) 3™ order system

R(s)+ ;+ |

G(s)

K(s+1) <)

s(s+2)

s+3

H(s)
sol)
1) char. eq.

s+1
s(s+2)(s+3)

= pole—zero map

1+GH(s)=1+ K =0

2) root locus on the real axis
3) asymptotes
(0—2-3)—(-1)

3—1
(2¢+1)m

¢A:?7

= -2

O-A:
q=0,1

=7/2, 3n/2

jo}
K=0 K=o K=0
¥————O —>
2 1 ol o
K— ook jot
K0 K=o K=0
*———oO >
-2 -1 0 c
K— o




4) breakaway point, [—3, —2] AA(s)
K= —s(s+2)(s+3) ZA(s)
s+1
dA(s) X}’E—X}E’_O
ds 2?2 -
= 4458 +55+3=0 >
-2.46 s
= 8,494 = —246, X, X
- Breakaway
pt
Another solution)
s | 2 \ \ o4 \ \—2.45\ \ —95 \ \ —2.6 \ ‘ -3
K=A(s)| 0 ‘ ‘0.412 ‘ ‘ 0.42 ‘ ‘ 0.417 ‘ ‘ 0.39 ‘ ‘ 0
jot
<step 6> Departure angle from complex poles K=0 S K
Arrival angle at complex zeros X
= using phase criterion
1
(s)=1+K =0 K=0
! (P F20wstul) e o >
7\
here p(s) 1 ” o
where p(s)=
P )+ +py)
D :pi : complex conjugate poles
X-pz
K=0 K— o©
for small incremental distance s from p,
0, = L(s+pl> . departure angle
S+py jo
phase criterion '\491
£{p(s)} =180° -P1
_[i(s+p3)+4(3+p1)+4(s+p2)]:1800 s+p3
0,+0,+0,=180" <« 0,=90° '\93 Sty
A >
P3 0 °

Hence, departure angle is
6, =90" —6,

-D2




<step 7> (final step) Complete the locus
Determine K at a specific root location.

= using magnitude criterion

|Kp(s)|=1
Example 7.4 ) 4™ order system joh K=
b K =0 Ko k=0 .
s'+12s° +64s° +128s X A\
1) pole—zero map ) o
1+ K 1 =
s(s+4)(s+4+j4)(s+4—j4)
2) root locus on the real axis
K=0 K=0
3) asymptotes i x—>
S (0—4—4—j4—4+54)—(0) _ 3 4 B 0 c
b, = 2tUT 103
A 4—0 ’ q s Ly &y
=r/4, 3n/4, 5n/4, Tn/4 3279,
X -j4
K— K=0
4) intersection with imag. axis K= o3
st 128 +64s* +128s + K =0
st 1 04 K
s 12 128 0
2 Z H} A Al 2 _
s 53.33 K H A 53.33s"+ K=0
B3X128— 12K )
st 5333 5 ;; 0 if A=568.89 = all zero
" K
To be stable, 0= K < 568.89
53.33 X128 — 12K
> = < )
@ 5333 =0 K < 568.89
@ K =0

Hence, the locus intersects with imag. axis at A= 568.89.
auxiliary eq.

53.335° 4+ 568.890 =0 = s, = 1£j3.27



5) breakaway point, [—4, O]
K= —(s"+125° + 645> +1285) = A(s)

diliis) = — (45 +3652+1285+128) = —4(s* + 952 +325+32) = 0
= S193= —1.5, X, X

Another solution)
s | -a s -2 | mis || 21 ] 0
0 ‘ 51 ‘ 80 \ ‘83.44‘ ‘ 75 ‘ 0

6) departure angle from complex poles
phase criterion
£1{p(s)} =180°
L(s )+ &(s+a) £(sta+a )+ £(s+4—jd) =180"
135" +90° +90° +6 =180°
Hence, 6 = —135° or 225°

Departure

7) complete the locus vector

s+4

¥ Find K at s=—1

sol)
Mag. criterion -4

|Kp(5)|:1 A

K _ s+4+j4

|s| |s+4] |s+4+754| |s+4—j4)]

K=|s| |s+4| |s+4+j4| |s+4—j4)] 90°

at s=—1, K=1x3xX VL2 +Fx VL2 +32=75 ):3— -4
¥ Find K at s=—1.5
sol)

K=1.5x%2.5x V42 +2.52x /42 +2.5> = 83.44
another solution)

K= —(s"+126° +645> +128s)ll,__,
= 83.44

_10_



A2/ A 2

. roots near the origin

¥ Dominant roots :

Example) Return to previous example.
At K=126
char. eq.

(s+o,+jw, )(s+o,—jw,)

. ($+02+jw2)(s+02—jw2)=0
output
ct)=Ae "sin(wt+6,) + Aye “sin(wyt+6,)
¥ AR A7t 245 AT B
= ] G e (A

¥ di@el 77k SR dEgd 5SS Auish
Example) Find root locus.
q(s)=s(s+2)+K(s+4)=0
sol)
1) pole—zero map of p(s)
4
. — PO
2) root locus on the real axis -4
3) asymptotes Breakaway
04 p
94 2—1
_ (2¢+Dr _
¢A—Ta q=0
=T
4) 2 breakaway point
~ [0, 0] and [—2, 0] K— o ‘ K— o K=0
K= —M:A(s) f ’-(i 2
s+4
dA(s) _ (2s+2) - (s+4)—s(s+2) -1 —0
ds (s+4)>

= §2+8s+8=0

§1,= —412v2
= —6.828, —1.172

=

_11_

Breakaway
pt

jo

K=0

v




¥ Intersection with imag. axis

S+ (K+2)s+4K =0

s 1 4K
st K+2
§ | AK

To be stable, A=0
O K+2 =0 = K= -2
@ K =0

% Find K at s=—
sol)
s(s+2) —1-1 1

K= -2~ = - =<
s+4 |, 3 3

. . . 4
¥ Find K to be settling time 7, ZCTZQSeC"
n

sol)
(w,=2 = —C(w,=—-2 = s,=2+jr (59FF4 AFFE = 2)
(s+2+jx)s+2—jx)=(s+2)°—(jz)*
s +4s+4+2*=0 cf) s +(K+2)s+4[(:0
Hence,
D K+2=4 = K=2
@ 4K =4+2> = 1 =2

. 1
% Find K to be (=—==0.707.

V2
sol)
Qw, 1
cos () o =( < 7
0=45" = 8, —xxjr

(5+x+j$)(s+x—jx) s-l—a: (733

s +2zs+22° =0  cf) s +(K+2)s+4K:0
O K+2 =2z = K=2z—2
@ 4K =247 = 42z-2)=22" = 2’—dz+4=0 = z,=2
K=2(2)—2=2

_12_




Example) Find root locus. Ko jok  K—e
s(s4+5)(s+6)(s2+25+2)+ K(s+3)=0
sol)
1) pole—zero map of p(s) )
1+ K s+3 =0 e ,,__.---*'K:350ﬂ.34
s(s+5)(s+6)(s* +2s+2) e
2) root locus on the real axis K=0 K=0  K—oo. K=0
3) asymptotes -6 -5 3 0
(-13) - (-3)
(2¢+ 1) ' '
= 1 = 51727
b4 5—1 ° q=0 3
=n/4, 3n/4, 5n/4, Tr/4,
.K—)OO K— o

¥ departure angle from complex poles
phase criterion
£{p(s)} =180"
£(s+3)-als)+a(s+5)+2(s+6)+2(s+1+ )+ £(s+1—5)] =180°
where L(s—i—l—j) =0="
= 26.6° —[135° +14° +11.4° +90° +6] =180°
= 6= —438"

Departure A jo
vector

1

_—

£(s+3), 1., = «(-14+j+3) = (297 )= tan 1 (1) ~ 26.6°

2

-

(s, = 2(=1+5) ztanl(_il)=135°

—_—

£(s45),_ 1, = 4(—14+j+5) = 4(4+j)=tan*1(%)x14°

e

£(s+6),__,,, = «(-14+j+6) = 4(5+j)=tan*1(%)x11.4°

£(s1+5 )iy, = £(=14j+1+5) = A(E)ztanQ(%)=9O°

_13_



¥ intersection with imag. axis

s5 +13s* +54s° +825° + (60 + K)s +3K =0

80 1 54 60+ K
st 13 82 3K
s3 47.7 60+0.769K
s° 65.6—0.212K 3K — BzYUAA
_ a 2
g 3940 — 105K —0.163 K" ol gero if K-35
65.6 —0.212K
" 3K
To be stable, 0= A=35 A
D 65.6—0.212K = 0 = K <309
® 3940—105K—0.163K> = 0 -679 35
= —679< K <35
® K =0

Hence, the locus intersects with imag. axis at A= 35.
auxiliary eq.
(65.6—0.212K)s*+3K=0 <« K=35
58.25° +105=0
= s, = +51.34

% Find K at s=—1
sol)
| Kp(s)|=1
|s||s+5||s+6||s+1+7j||s+1—7| _1-4-5-1-1

K=
|s+3] 2

=10

_14_



