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CH. 1:Vector Analysis

1.4 #E| A5 9 Tl
1.5 HE{ R

1.6 L=

1.7 9=

1.8 ASHE

1.9 2EE)
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AZtel(scalar); StLEe| A 4=Zf(real value)
D, £3, 2, BI, Mg, MY, ML

= T 15 — —

A, a

#E] (vector); 37|(+)2

o A= B L) LS A PSEPN A PS)
A,a Aa A d
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E] CH

W, A-B=A+ (-B)
WEHH X (commutative law); A+ B =B+ A
AgtH %l (associative law); A+ (B+C) = (A+ B) + C

Hi 2 # &l (distributive law); r(A + B) = rA + rB
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1.3 X Z =8

X2t ZEE A (cartesian or rectangular coordinate system)
X ZE ZHHA; x, y, zM FHC| ZHEZO0| M2 E 20l Q24 ZHH 7
(right-handed coordinate system)

Z

x =0 plane

y = 0 plane

Origin
o g

z=0 plane

Div. of Energy and Electrical Engineering, Uiduk University @



MO HAl; et Hel fIXl= x, y A zEH L E HA|

P(1,2,3),0(2,-2,1)

Mol oOf; P(1,23) 2 x =1,y =2,z =32 WHEO WAtH A

.""“"_‘_P(l 5253)
|
|
|
I
|
|
|
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1.3 X Z =8

O~ A= 20| Fef;

" P(x,y,z)° 2 ZHZUO| Z+Z D|AFUZ 71t HO| P'(x + dx,y +dy, z + dz)&2

0| AKAEL: dv = dxdydz

> N

CHZEM; PP = dL = \/(dx)z + (dY)z + (dZ)z Volume = dx dy dz

HXMA(dS); dxdy, dydz, dzdx dx dy

PI
dy dz

dz

dx dz

dy
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MEHIE (component vector), r =x+y + z

CHRIHIE] (unit vector); 2 7|7} 12! HIE

-1 1
a, a, a,
i j k
u, u,, u,

N
FY

Div. of Energy and Electrical Engineering, Uiduk University
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HE | S2HAI'Y, F = Fa, + Fa, + Fa,

#E{9| I7|; [F| = F = Jsz +F2 + F?

F 2SO 29| ChQ|HIE: a, = F/|F]
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1.4 HE{ Y= 3 Che|HE

G =2a, —2a, —a,

|G|=\/G,§+G§+GZZ=\/4+4+1=3

. G 2ay—2ay—a; 2 2 1

Div. of Energy and Electrical Engineering, Uiduk University @



(ex 1) & P(1,2,3)0lM & Q(2,—2,1)7HX|2| HIE] Rp,,

AOPQ§$E1 rp + RPQ - I‘Q

zZ
A
RPQ:rQ—rp
= (2a, —2a, +a,) — (a, + 2a, + 3a,) L PQ,2,3)
=a, —4a, — 2a |
x Ay~ 2a; e/
/ 1
/ r I
/// Pl
/ i >y

02,-2,1)

T
/////

X
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(a) RAB =Ip — Iy =

(b) Iyl = \/(_1)2 + (=3)2 + (—4)% =

(C)  ay =r14/In4l =

Div. of Energy and Electrical Engineering, Uiduk University @



Rca
e a = =
€) CA ™ R4l

Repa=T14—1¢ =

Irc = a, + 3a, + 4a,

Div. of Energy and Electrical Engineering, Uiduk University
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125

= (x—1)2+(y—2)2+(z+1)2 [(x _ 1)ax + (y _ Z)ay + (Z + 1)az]

(@) S =7 at P(2,4,3) (b)ag =? at P(2,4,3) () |S| = 10| E[= =7

Div. of Energy and Electrical Engineering, Uiduk University @



1.6 LHE (A Z2lE, scalar product or dot product)

A-B = (Aca, + Aja, + A,a,) - (Beay + B,a, + B,a,)

= A,a, - (Bya, + Bya, + B,a,) + A,a, - (Byay + Bya, + B,a,) + A,a, - (Bya, + B,a, + B,a,)
= AyB, + A,B, + A,B,

“a,-a, =|a,|la,]cos0°=1Xx1x1=1

a,-a, = |a,l[ay|cos90°=1x1x0=0

A-A=|A||A|cos0° = |A|? or A?

¥ &1 https://www.youtube.com/watch?v=LyGKycYT2v0

Div. of Energy and Electrical Engineering, Uiduk University 9


https://www.youtube.com/watch?v=LyGKycYT2v0

1.6 LHE (A Z2lE, scalar product or dot product)

\eBa
a \,p_ R
y
B-a
B « a gives the component of B (B »a)a gives the vectorcomponent
in the horizontal direction of B in the horizontal direction

Div. of Energy and Electrical Engineering, Uiduk University e



1.6 LHE (A Z2lE, scalar product or dot product)

(0% 1.2) G = ya, — 2.5xa, + 3a, at Q(4,5,2), ay = - (2a, +a, — 2a,)

(@) QOlIM G

(b) QOll M a WO R G| AZ2t ME
(C) QOllM ay WA= G| HIE| M2
(d) QOll M G2t ayAtO]2] 2

GQ(4’5,2) = (yax — 2.5xay + 3aZ)Q(4,5,2) = Sax — 1an + 3aZ

2a, +a, — 2a,

G-ay = (Sax — 10a, + 3aZ) - 3

= (10— 10— 6)/3 = =2

Div. of Energy and Electrical Engineering, Uiduk University



1.6 LHE (A Z2lE, scalar product or dot product)

(C) QOllM G| ay YL 29| = HIE;

2
(G-ay)ay = —2ay = —§(2ax +a, — 2a,)

(d) He|2Z82H G- ay = |G||ay| cos 8,

6 G ¢ aN —2 —2
CoS = = =
“*lGllay] /52 ¥ (—10)2 +32 V134

“ 0. =cos l—— =9909°
Ga 134

Div. of Energy and Electrical Engineering, Uiduk University e



1.6 LHE (A Z2lE, scalar product or dot product)

(ex4) A(2,5,—1), B(3,—2,4), C(—2,3,1)

(@) Ryp - Rac

Rup - Ryc = (rp — 1) - (rp — 14)
= (ax —7a, + Saz) . (—4ax — 2a, + ZaZ)
=—4+14+10
= 20

Div. of Energy and Electrical Engineering, Uiduk University @



1.6 LHE (A Z2lE, scalar product or dot product)

(ex4) A(2,5,—1), B(3,—2,4), C(—2,3,1)
(b) RABgl- RACM-Olgl ZII-(HBAC)

Rup * Rac = IR4p||R4c| cOS Opac

Rap‘RAcC
|RaBlIRAC]
. 20
~ V1+49+25V16+4+4

cosOg - =

20 2 2

~ V75v22  ViB8 32

— 2 o
oo HBAC = COS 1% - 619

Div. of Energy and Electrical Engineering, Uiduk University



1.6 LHE (A Z2lE, scalar product or dot product)

(ex4) A(2,5,—1), B(3,—2,4), C(—2,3,1)
(C)R.52 ROl CHEH EHO| 37|

RAB *dyc = |RAB| COS BBAC = 5\/§COS 61.9° =4.08

(d) Ryp8l Ry Ofl CHEE HIE] & F

—4a, — 2a, + 2a,
(Rig - ayc)ay = 4.08 X NeT = —3.33a, — 1.667a, + 1.667a,

Div. of Energy and Electrical Engineering, Uiduk University @



1.6 LHE (A Z2lE, scalar product or dot product)

Div. of Energy and Electrical Engineering, Uiduk University @



1.7 2| ™ (HE{F, vector product or cross product)

Io'|_0_|’ AXB-= (lA”Bl Sin HAB)aN

WEHHAAXB=—-(BXA)#BXxA

A xB=ay|A||B|sinfyp

¥ &1 https://www.youtube.com/watch?v=eu6i7WJeinw

Div. of Energy and Electrical Engineering, Uiduk University @
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M (HE{ &, vector product or cross product)

A x B = (A,a, + Aya, + A,a,) x (Bya, + Bya, + B,a,)
= A,B.(ay x ay) + A,By(a, xa,) + A,B,(ay x a,)
+A,B,(a, X a,) + A,By(a, xa,) + 4,B,(a, X a,)
+A,By(a, X a,) + 4,B,(a, xa,) + 4,B,(a, X a,)
= 0+ A,Bya, + A,B,(—a,) + A,B,(—a,) + 0 + A, B,a, + A,B,a, + A,B,(—a,) + 0

= (AyB, — A,B,)a, + (A,B, — AxB,)a, + (AB, — A,B,)a,

a, a, a,
— |4, 4, A,
B, B, B,

s la, X a,| =laylla,|sin0°=1%x1x0=0

Div. of Energy and Electrical Engineering, Uiduk University @



1.7 2| ™ (HE{F, vector product or cross product)

HHAIHAS S| HA; |A x B| = |A]|B| sin 5

(ex5) A =2a,—3a,+a,, B=—4a,—2a,+5a,

ay a, a,
AxXB=]12 -3 1
—4 -2 5

= [(=3)(5) = (=2)(D]a, + [(D(=4) = () B)lay + [(2)(=2) = (=3)(=D]a;
= —13a, — 14a,, — 16a,

Div. of Energy and Electrical Engineering, Uiduk University @



1.7 2| ™ (HE{F, vector product or cross product)

(ex 6) A(2,—5,1), B(—3,2,4), €(0,3,1)
(@) Rpe X Rpa = (r¢ — 1) X (14 — Ip)

= (3a, +a, — 3a,) X (5a, —7a,, — 3a,)

a, a, a,
=13 1 -3
5 -7 =3

= —24a, — 6a, — 26a,

Div. of Energy and Electrical Engineering, Uiduk University @



1.7 2| ™ (HE{F, vector product or cross product)

(b) Area(AABC)

1
= ElRBC X Rpul

= %\/(—24)2 + (—6)% + (—26)2

= 17.94

(C) AABCO| =% Q1 TH{HIE]
- Rec X Rpy
N T |Rpe X Rpyl

~ —24a, — 6a, — 26a,
T J(=24)2 + (—6)2 + (—26)?
= +(0.669a, + 0.1672a, + 0.724a,)

Div. of Energy and Electrical Engineering, Uiduk University @



1.7 2| ™ (HE{F, vector product or cross product)

(c) AABCO|| =21Q] Tt HIE]

Div. of Energy and Electrical Engineering, Uiduk University e



1.8 /I EZIH A|(cylindrical coordinate system)

2 BEAl; P(pq, 1, 21)

P(p1, $1,2)2 20l p = py. ¢ = 1.2 = 2,2l BHS
of WA

7|2 CHOIMIEY; a), ay, a, < SIXIOf CH3E B4

Div. of Energy and Electrical Engineering, Uiduk University

a, (P191,21)

N

z = a constant

¢ = a constant

p = a constant




1.8 /I EZIH A|(cylindrical coordinate system)

O] &A1& 20| F O

>y

2

3 P(p, ¢, 7)°] 2t BHEZHO| 242 0|2 2H0HE B7FR ‘

MO|P'(p+dp, ¢ +dp,z+dz)¥ . -

D &MHL dv = dp - pdp - dz = pdpdpdz 44 ] ‘- o

HHM A (dS); pdpde, pdpdz. dzdp 1 z“ \’,f “
|

Div. of Energy and Electrical Engineering, Uiduk University e
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1.8 /I EZIH A|(cylindrical coordinate system)

Y

Div. of Energy and Electrical Engineering, Uiduk University @



1.8 /I EZIH A|(cylindrical coordinate system)

(ex7)HIE{ A = A,a, + Aya, + A,a, 5 HEZHA = Hetstof2t)

A =A4,a,+Asay +4,a,

A, =A-a, = (Axax + Aya, + AZaZ) - a,

= Ayay-a, + Aya,-a, +4a,-a, = Aycosp + Ay, sing

Ay =A-ay = (Aya,+A4,a,+4,a,) ay
= Ayay-ay +Aya, -ay +A4,a, a5 = —Axsing + Ay cos o
A, =A-a, =(Aca, +Aja, +A,a;) a, =Aa,-a,+A4ya,-a,+4a,-a, =4,

“ A= (Aycos¢p + Aysing)a, + (—Aysing + Ay cosp)ay + A,a,

Div. of Energy and Electrical Engineering, Uiduk University



1.8 /I EZIH A|(cylindrical coordinate system)

(ex8)A(x =2,y=3,z=-1),B(p = 4,¢ = —50° 2z = 2)

(@) #E{r, 2| 27 (b) HlE{rz o 37| (c) HE{R 52 271

(@) |ry| = V22 +32 + 12 =14 = 3.74

(b)B(x = pcosp,y =psing,z = z)
= B(4 cos( — 50°),4 sin( — 50°), 2)
= B(2.57,—3.064,2)

s |rg| = /2.572 4+ (—3.064)% + 22 = 4.47

(€) IR45| = Irg —1y| = |0.57a, — 6.064a, + 3a,

= /0.572 + (—6.064)% + 3% = 6.79

Div. of Energy and Electrical Engineering, Uiduk University @



1.8 /I EZIH A|(cylindrical coordinate system)

(ex 9) B = EHA — ASZHEA|

(@ A=5a,atP(p =4,¢ =120°z = 2)

A, =A-a,

= b5a,-+a, =5cos¢ =5cos120°

= 5c0s(90°+ 30°) =5 %X (—sin30°) = -2.5
A¢ =A-a¢

= 5a, -ay = —5sin¢g = —5sin120°

= ~55in(90° + 30°) = ~5c0s30° = — 22 = —4.33

~A=Aja,+ Apay + Aza, = —2.5a, —4.33a,

Div. of Energy and Electrical Engineering, Uiduk University @



1.8 /I EZIH A|(cylindrical coordinate system)

(b)B="5a,atQ(x =3,y=4,z=-1)

Qx=3,y=4,z=-1) = Q(p =.Jx*>+y?% ¢ = tan‘lz,z)

X
= Q(V3Z+ 4, tan"1 3, —1) = Q(5,53.1° —1)

B, =B-a,

= b5a,-a, =5c0s¢ =5c0553.1°=5X%X0.6 =3
B¢ = Ba¢

= 5ay-ay = —5sin¢ = —=5sin53.1° = -5x 0.8 = —4
-~ B = Bya, + Bpay + B,a,

= 3a, —4ay

Div. of Energy and Electrical Engineering, Uiduk University @



1.8 /I EZIH A|(cylindrical coordinate system)

(¢)C =4a, —2a, —4a, at A(x =2,y =3,z =15)

Alx =2,y =3,z=05) =A(p =Jx2+y2%,¢ = tan‘lz,z)

X
= A(V2Z+3%,tan"12,5) = A(V13,56.31%,5)
C,=C-a, = (4a, —2a, — 4a,) - a,
=4a,-a, —2a,-a, —4a,-a, =4cos56.31° — 2sin56.31° = 0.555
Cp =C-ayp = (4ax—2ay—4az)-a¢
=4a,-ayp —2a,-ap —4a,-ay = —4sin56.31° — 2c0s56.31° = —4.44

~ C=Cpa, + Cpay + C,a, = 0.555a, — 4.44a4 — 4a,

Div. of Energy and Electrical Engineering, Uiduk University @



1.8 /I EZIH A|(cylindrical coordinate system)

(oli®| 1.3) B = ya, — xa, + za,—~ A SZH
B,=B-a, = (Bxax + Bya, + BZaZ) - a,
=yay-a, —xa,-a,+za,-a,
=7yCcos¢p —xsing
=psingcos¢p —pcospsing =0
By =B-ay = (Bxax + Bya, + BZaZ) - Ay
= yay-agp —Xxa,-ay +za, - ay
= —ysin¢ — xcos ¢
= —psin®¢p —pcos?p =—p
~ B = —pay + za,

Div. of Energy and Electrical Engineering, Uiduk University @



1.8 /I EZIH A|(cylindrical coordinate system)

(SE0H| 1.5)
(@) ™MC(p = 4.4,¢ = —115°,z = 2)— HZUZHA
C(x = —1.860,y = —3.99,z = 2)
b)D(x =-3.1,y=26,z=-3)E JAEXHHZ HEt
D(p = 4.05,¢ = 140.0°,z = —3)
(c) McolM HMDpof| o] 2= HHE|
8.36

Div. of Energy and Electrical Engineering, Uiduk University @



1.8 /I EZIH A|(cylindrical coordinate system)

(80 1.6)
(@) ®P(10,-8,6)0lM F = 10a, — 8a,, + 6a,— A SZtHH|
F = 12.81a, + 6a,
(b) ®Q(p, , 2)M G = (2x + y)10a, — (y — 4x)a,— & SEHH|

(€)P(5,2,—-1)0IM G = 20a, — 10ay + 3a,—> EZEE

Div. of Energy and Electrical Engineering, Uiduk University @



1.9 2ZtHEA|(spherical coordinate system)

Mol HAl; P(ry,0,, d1)

A
T
// / \\ \\\ 6 = a constant
. / \\ \ (cone)
P(rl, 01, ¢1)9‘| 9‘||:I|I /// v \P \\\ P
\ \
r=1,0=060,¢=¢ 2 BHSS WXF f L -

—> )

N
i
2
\
\
y

___‘—/
—————

FIHE]; a,, ag, a,< ?IXI0] CH

— ¢ = aconstant
/ (plane)
4 ¥ = a constant
. X (sphere)
of St A z
of gh A
\\
\
N
N
\
\
\
\
\
=N X . _ \
QEL ZHA a, X adg = dg R \
\
|
: > )
\\\\ r ‘|P a¢

¢ \\\ a
Div. of Energy and Electrical Engineering, Uiduk University



1.9 2ZtHEA|(spherical coordinate system)

O~ A= 20| Fef;

" P(r,0,¢)2 2 ZtH 20| 212t O|AZTE SItet
0| P'(r + dr,0 + df, ¢ + dp) Y I \
a[ESTEEPS
dv=dr-rsinfde¢ - -rdd =r?sin0 drdode \\\I\\\
2| (ds); W\
rdrdf, r%sin 0 dod¢, r sin 0 drd¢ \\\ \ P
\?\s\::—kr)‘( >y

O = \ rd@
\\\ \ \
\\\\\l\ | .
\y ¥ rsin 0 dg

Div. of Energy and Electrical Engineering, Uiduk University @



1.9 2ZtHEA|(spherical coordinate system)

AU EA — X HA S| Het

r=.x2+y2+z2(r = 0)
VA //
— -142 _ -1 o o
0 = cos ~ = cos \/x2+y — (0° < 6 <1809 //
— tan—1Y /
¢ = tan " y
/
TEEA — W EHACQ| Het //
X =1rsinf cos ¢ Il
y =rsinfsin ¢ l
I
Z=171cosf Il ¢
X

Div. of Energy and Electrical Engineering, Uiduk University



a, - sin O cos ¢ cos 6 cos ¢ —sin ¢ \

a, - sin 8 sin ¢ cos O sin¢ cos ¢ \\\
\
a, - cos 6 —sin6 0] 6\ \
\\
\ >
N\ Pya ]
N ¢
¢ o pr
\Iae
X

Div. of Energy and Electrical Engineering, Uiduk University @



1.9 2ZtHEA|(spherical coordinate system)

(ex 10) A(x =2,y =3,z=—1),B(r = 4,60 = 25°, ¢ = 120°)
(@) MA—> FZHHA

(b) @B— X2t = HA|

(c) MA%t M BAto|2| 72|

(@)1 =x2+y2+22=/22+32+ (—1)2=+14=3.74

_ -1 z _ -1 -1 _ o
6 = cos N = COS N 105.5
3

¢ = tan_lg = tan_lg = 56.3°

~ A(r = 3.74,60 = 105.5°, ¢ = 56.3°)

Div. of Energy and Electrical Engineering, Uiduk University e



1.9 2ZtHEA|(spherical coordinate system)

(ex 10) A(x =2,y =3,z=—1),B(r = 4,60 = 25°, ¢ = 120°)
(b)x = rsin@ cos ¢ = 4sin25°cos 120 ° = —0.845
y=rsinfsing = 4sin25°sin120° = 1.464
Z=1rcosf =4cos25°=3.63
~ B(x = —0.845,y = 1.464,z = 3.63)

(C) [Rpp| = |tz — x4 = | — 2.845a, —.536a, + 4.63a,|

= /(—2.8452 + (—1.536)2 + 4.632 = 5.64

Div. of Energy and Electrical Engineering, Uiduk University Q



1.9 2ZtHEA|(spherical coordinate system)

(ex 11) M= HA — FEHA|
(Q)A = 5a, at B(r = 4,0 = 25°,¢ = 120°)
A =A-a,
= 5a, -a, = 5sinf cos ¢
= 5sin25°c0s120° = —1.057
Ag = A-ag
= 5a, -ag = 5cosfcos
= 5c0s25°cos120° = —2.27
Ap = A-ay
= 5a, *ag = 5(—sin¢)
= —5sin120° = —4.33
~ A= Ara, +Agag + Apay = —1.057a, — 2.27ay — 4.33a,
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1.9 2ZtHEA|(spherical coordinate system)

(b)B="5a,atA(x =2,y =3,z=—-1)
Alx=2,y=3,z=-1)

—>A(r=\/x2+y2+zz,0 = cos™1 0 =tan‘1z)

Jx2+y2+4z2’ X

—>A(r =.,224+32+4+ (—-1)%,6 = cos™1 -

— A (r =+14,0 = cos_l\/_?z,gb — tan_lg)
B, =B-a,

=5a, -a, = 5sinfcos ¢

= 5sin (cos_1 \/_T_Z) cos (tan_1 3) = 2.67
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1.9 2ZtHEA|(spherical coordinate system)

(b)B="5a,atA(x =2,y =3,z=—-1)

_ _ _ _ — -1 o -13
A(x—2,y—3,z——1)—>A(r—\/14,8—cos m,qb—tan 2)

. . 1 -1 _13
B.=B-a,=5a,-a, =5sinfcos¢ = 5Sln(COS 1ﬁ)cos(tan 15) = 2.67
BQ =B-a9 =5ax-a9
— — -1 -1 -13) — _
= 5cos 0 cos¢p = 5cos (COS m) cos (tan 2) = —0.741
B¢ =B-a¢ =5ax-a¢
= 5(—sin¢g) = —5sin (tan‘1 %) = —4.16

B = Bya, + Byay + Byay = 2.67a, — 0.741ag — 4.16a,
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1.9 2ZtHEA|(spherical coordinate system)

(c)C =4a, —2a, —4a,atP(x = -2,y = -3,z =4)
Px=-2,y=-3,z=4)->P(r= ,0= ,p= )
C,=C-a, = (4a, — 2a, + 4a,) - a,
= bay +a, — 2a, - a, + 4a, - a,
= 5sinf cos¢ — 2sinf sin¢ + 4 cos O
= —3.34

Co = C-ag = (4a, —2a, +4a;)-ag =

Cp =C-ay = (4a, —2a, +4a,) -ay =

~ C=Cra, + Cgag + Cpay = —3.34a, + 2.27a4 + 4.44a,
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1.9 2ZtHEA|(spherical coordinate system)

(Ol Al 1.4) G = %aﬁ A HEA

G, =G-a,
Xz Xz rsin@cos¢-rcosf _ cos? ¢
=—a,-a, =—sinf cos¢ = , : sinf cos ¢ = rsin 6 cos 6 —
y y 7 sin 0 sin ¢ sing
G9=G'ag
Xz Xz P __rsinfcos¢ -rcosb p _ 2Hcosz
=5 a,-ag = y cosf cosp = rsindsin cos B cos ¢ =rcos sin
G¢=G-a¢
Xz Xz _ rsinf cos¢ -rcosf _ 9
=—4d.°'4a = —(— = —_ = —
5 b ; (—sin¢) Fsind sin o (—sin¢) r cos 0 cos ¢
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1.9 2ZtHEA|(spherical coordinate system)

cos? ¢ cos? ¢

a, + 1 cos?0

sin ¢ sin ¢

~ G =7rsinf cos b ag —rcosbcosag

. coso CoS
=1 cosf cos (Sln 6 a, + coso dg — a¢>

sin ¢ sin ¢
=1 cos 0 cos (sinH cotpa, +cosfcotpag — a¢)
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1.9 2ZtHEA|(spherical coordinate system)

(QRO:HX-” 17) C(—B,Z,l), D(’)" — 5’9 — 200’¢ — _700)

(a) cel &t H
( )D°| I|7|-I|._:LII_

(c) 2t DARO[S] A2

(%-g-OﬂX'” 1.8) KX HA — 2LEHA|
(@) 10

(b) 10a, at Q(p = 5,¢ = 30°,z = 4)
(C)

Oa,atP(x =-3,y=2,z=4)

10a, at M(r = 4,0 = 110°, ¢ = 120°)
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