Ch. 2. Mathematical models of systems

Differential eg. — Transfer fn

(Laplace transform)

2.2 Differential eg. of physical systems.
by utilizing the physical laws of the process

{Newton's law for mechanical systems
Kirchhof f's law for electrical systems

Ex) Mass-Spring-Damping system : Fig 2.2
dy(t dy(t
M p B g6y = 0) @)

dt
using Newton's 2 law of motion
(2nd order linear constant coefficient diff. eq)

Friction f

® friction (viscous damper)

where [f——— :
Ryt) : 524

Given y(0), find y(t)="7 ')

Force

Ex) RLC circuit : Fig 2.3 | . .

vt ) r(t) +

R dt L/ Current R L C ==
source ‘— ‘

using Kirchhoff's current law

Given v(0), find v(t)="7

% Similarity between the diff. egs for the mechanical and electrical systems

(t) = d?iz() n (2.1) : velocity
dv(t)

= M~ + folt +K/ t)dt = r(t

f e 1/R Mo C Ko 1/L

equivalent system (analogous system)
y(t) and voltage v(t) are equivalent(analogous) variables

where velocity I



Generally, underdamped system

v(t) = Ke “cos(B,t+6,)

Voltage
v(1)

A

» Time

[ 2(7/B5)

Z
C
(

2.3 Linear approximations of physical systems.

: Taylor's series expansion
<linear system : input x(t), output y(t) >
(@ superposition principle.
2 () — y ()

2, (t) — y,(t)
= 2,(t) £a,(t) — y @) £y,(t)

y(t) 1

(2 homogeneous principle
x(t) — y(t)
= a z(t) > a yt)

% Taylor's series about x,(operating point)
y=g()

:g(JJU)-O——x e, (x—z,) + —5 |

x(t);




Ex) Mass sitting on a nonlinear spring : Fig 2.5

>

<
[
»
2]

M
=~

=
>
>
>
>
>
>
~

1 y Spring daf

force dy

Y=Y,
Nonlinear

spring fop=————

AN

Equilibrium
(operating point)

[0 P ——

linear approximation about ¥ (equilibrium point)

f=v + 2, - y—y) +
=y + 2yy — 2y
=2y, — Y

Ex 2.1) Pendulum oscillator model

Torque

7 =7r X F
=LMg sin(180—a)
= Mg L sin(9)
=10)

Linear approximation about § = 0~

[a\

T= MgLsin(0°) + MgLsin' () | ,_,-(6—0°) + HOT
= MglL?0



2.4 The Laplace Transform

Laplace TF .
' . Algebraic eq.
Differential eq. - in s-domain

L Inverse Laplace TF i
Solution in the o solution in s-domain

time domain

(1) definition

Laplace TF pair for a function of time. f(¢)

o r+ 50
Ro) = [ f0eta = @) f0=5- [ Re)etds = 1HFG)
0 25 J g
X Existence condition
/OO | f(t) e 7'dt < oo
0
B 1, t=0
Example) (1) = us<t>_{07 L=t
“ — st o 7ot 1 — st ” 1
sol) F(s):/ u, (t)e dt = / e dt = ——e¢ = =
0 0 S 0 S

Example) f(t) = ¢ ™, t >0 = e “u,(t)

SOl) F(S):/ e Mot = / e dt = e—(.s'+a)t
0 s+ta

0

(2) Important theorems

Theorem 1. constant product

kf(t) < kF(s), where k is a constant

Proof) /Oosz(t)e_“dt = k/oof(t)e_“dt = EkF(s).

Theorem 2. sum and difference

F1() ££,() & F(s)+£Fy(s)



Proof) /OOO [fl(t)ifQ(t)]e_Stdthom £, (e £ £,(0)e | dt
= [ nwea = [r 0t

=F(s) £ F(s)
Linearity theorem
af(t) + bg(t) — aFl(s)+bG(s)

eat+e at
2

Example) f(t) = coshlat) = , F(s)=7

at —at

F(s)= L{e + } - %L{eat}Jr %L{e*“t}

2 2
_i 1 l 1
 2s—a 2 s+a
o S
$% — 2

Theorem 3. differentiations

%ﬁt) — sF(s) — f£(0), where f(0) = %irr&f(t)

-/ () (¢)dt

a

b

Proof) [ w@)olt)dr = uh(t)

S e = roer | = [T

= f(oo)e ™ = f(0)e ° + S/Ooof(t)e“dt

= sF(s) — f(0)
d’f(t) 2 _
" F(s) — s f(0) — f'(0)
Proof) L{f"(t)}= L{[f ()]}, let  f'(t) = g(t)
= L{g ()} G(s) = sF(s) — f(0)
=5G(s) — g(0) where ¢(0) = f'(0)
= $’Fls) — s f(0) — f'(0)
Generally,
dnf(t) (_)S'n, (8) _ 871,—1f(0> _ 871—2](-/(0) . fn—l(o)

dt"



Theorem 4. integrations

[ e« trgs Lo, where 0 = 7 pwa

S

//t f@)at* %F(S) + %f<_1)(0) + %f(_z)((l)

S S

Proof) L{/_toof(t) dt}z /OmeSt[/jmf(t)dt} dt, letu= —%e—st, v = £(t)
= —%e“/_toof(t)dt m—/om(—%)e“f(t)dt

0

= %fomeStf(t)dt — éeoofoooof(t)dt + %eofooof(t)

_ %F(S) + %/0 Pyt

Theorem 5. time shift

ft=F T)us(t—T) — e T F(s)

A

rot oy o1

2 (t-T) uy(-T)

2tu) 2 (t4T) u(t+7)

dt

v

v

A 4

Theorem 6. complex shift

e " ft) o Fsta)

Theorem 7. Initial value theorem

f0)=1lim/f@¢) = lim s F(s)

t—0 §—> co

Theorem 8. Final value theorem (strictly stable system)

fleo) = lim f(t) = limsF(s)

t — oo s —0



5 _ 5
3(32-0—34—2) tlLrI;f(t) '

. . _ 1 55 _ 9
SOl)tILr?of(t) B LliT()lSF(S) 1}3} 8(32+s+2) 2

Example) F(s) =

w

2 +u?

Example) F(s) =
sol) f(t) = sin(wt) has two poles on the imaginary axis.(oscillation)

= final value thm & & =D}

Theorem 9. Real convolution
L&) f,(t) < F(s) - Fy(s)
cf) complex convolution

f1(t) - f,(t) & F(s)* E(s)

<convolution>
ON O WACTAE T
:/O’fmfl(t—f)df

Theorem 10. differentiation in the s-domain

- d"F(s)
ds"

dis) = d%[fomf(t)e“ dt}

= [rogletla= [Cenweta om0

(—¢ ) f(@)

d2F(s)_ © & o Y Y — st PRV
a _/0 1= e Jar _fo( LPF@e At o (—t)f()

Theorem 11. integration in the s-domain

({it))n wa/mp(s) d, - d

@ - /:OF(s)ds and (‘i(tt;? - //:OF(S)dSIdS2




Example) f(t) = t,
) = tu(t)

Example) f(t) = £, t = 0
2 [1 d -1 2
JE— 2 - o - = . T o - 3
( t) us(t) dSQ[S} dS[SQ } 53
Example) f(t) = 1537 t >0
d (1] _ d[2]_0-2-38° _ -3
_1+)3 < =\ = S|l 3| = -
( t)us(t) d83 |:3:| ds |:83:| 36 S4
|
hence, t*u,(t) < 3_4
s
, n!
Generally, 13 n+1
=3
Example) 10) = wt-3) = {b 0=
u,(t) < 1
s
—3s
0, (t-3) o = fe=T) o T R

= (t—10)*u,(t—10)

tu,(t) %
S
—10s
(=100 u, (t—10) > 25—« fG—T) o e T M)

Example) f(t)

= (t—10)u,(t) = (£—20t +100) u,(t)

Example) f(t) = (t—10) = ft) =
20 100 2—20s + 100s>

Y 3

2
F(s) - =
& 2 s s




Example) f(t) = ¢*
ft) = et = et us(t)

s ug(t) > = F(s—3) = e“”f(t) — Fls—a)

1
3t
t

5 us() < s—3

—2s

$=2) us(t—2) PN 5_3

6 2s —2(s—3)

6 3(t—2) e e e
t—2 =

5o 1 ) o s—3 s—3

f) = SV (1) = e Sl t) o —
' s—3
<Laplace TF for sinusoidal function>
e’ = cos(wt) +j sin(wt)
RN I stjw _ stjw _ S j w
s—jw s+ jw 2+ w? s2 4P $* +w?

w

hence, cos(wt) +j sin(wt) <
J 2+’ j52+w2

compare) f,(t)+ 7 f,(t) < F(s)+jF(s)

. w

cos(wt) — ——— sin(wt) — ——

s“tw s*+w”

Example) f(t) = e “cos(wt)
S
cos(wt ) —
s2 +u?

e " cos(wt) __sta &= e “f(t) & Fls+a)

(s +a)2 +uw?



Example) f(t) = te*u,(t)

u,(t) > —
S
1
2t
e us(t)<—> PR
d 1 0—1 —1
(—t)e*u_(t) <> — = =
s ds s—2 (5—2)2 (3—2)2
1
hence, te*u_(t) <
’ (s—2)
Another solution)
1 1
tu (t) & — tu (t) <
‘s( 52 ‘s( ) (3—2)2
Example) f(t) = te 'sin(2t)
sin(2t) «
s +4
_ 2 2
e 'sin(2t) <« 5 = —
(s+1)4+4  s°+2s+5
. d 2 0—2(2s5+2) 4(s+1)
te 'sin(2t) o ——|5———| = —— 5T T2 2
ds | s*+2s5+5 (s*+25+5) (s +25+5)
Another solution)
sin(2t) <
2 +4
d 2 0—2(2s) 4s
tsin(2t)<—>——{ }:_ =
ds | $*+4 (32+4)2 (32—0—4)2
4(s+1) 4(s+1)

e 'tsin(2t) & = =
((s+1)*+4)> (s24+2s+5)°

Example) f(t) = sin®(2t)
f'(t) = 2sin(2t)cos(2t) - 2 = 2 sin(4t)
where sin(4+ B)=sin(4)cos(B)+cos(A)sin(B)
. sin(24)=2sin(4)cos(4)
L{f'®t)} = sF(s)— f(0) where f(0) = sin’(0) = 0

. H(s)= %[L{f’(w} + £(0)]

B 1{ 2.4 }_ 8
5 | s*+16 s(s*+16)

_10_



<Inverse Laplace TF> : Partial-Fraction Expansion)

1 Yyt joo

flt) = - F(s)e®ds
21

>

v joo

X Table 2.3 Laplace TF pairs
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ult) o =
s
e*ut <> 1
s+a
) w s
sin(wt) < m, cos (wt) m
n!
tn
S77,+1
d f(t _ PR e
L s ) = @) = 0 = =100
t E(s) 1 [0
ft)dt < ; +;f F(t)dt
—at __: w
i) — T
1 (S+a)2+w2 i;):. L R TRERED g
_ +a : :
e at wt) <> 87
COS( ) (s+a)2+w2 :
1/
5(t) « 1 4
5(t)= lim u(t) —u(t—T)
70 T
_{0, t=0 - >
L t=0 0 u s f

f: s e dt=lim= [ [ut)—ult—1)]e " dt

=0T 0

—1: l “ —st _ « - — st
_lngT {/0 u(t)e st dt /0 ult—T1)e dt}

1 o — st co — st
:lim—[f e dt —f e dt}
r—0T 0

T

. 1_6 ™ 0 . ’ . ’

= lim : — using L'Hopital's theorem
=0 TS O
. Fse ™

=lim =1



<Partial fraction expansion>

m m—1
(s) . b;s™ +bys + -+,
Fs) = Q = - — , n > m
P(s) s +aist - g

n

(1) All poles of F(s) are real and simple.

- Q<S> .o
F(S)_ (3—}—31)(34—32).-.(84_8’") ’ where 81¢32¢ ¢Sn
k, k, :

+ + -+
s+s, s+ts, s+s,
where k; = [(s+s,)F(s)] _

Example) F(s) = (s+1)(5ss—|——i_23)(s+3) To find f(t)
Hs) = slf:l+skf2+s%3 - s_+11 + 312 - 546—3
where k= [(s+1)Fs)],_ , = %1 - 2o
b= (64270 = | o] = = = 7
b= [(s4+3)Fs)]._ ., = %3 - B2
hence, f(t) = —e 'ult) + Te ult) — Ge ult)

(2) Some poles of F(s) are of multiple order r.

Pls) = Q) ,
(s+s,)(s+sy) - (s+s,_ Ns+s,)
kl k? kn*’r .
a s+s, + s+ s, ot s+s, . + m—r simple roots
A, A, A,
st (8+Si)2+ e+ (45 : 1 double roots
where k; = [(s—i—sj)F(s)L:_gv, for j=1,2,---,;n—r
A = [(5+S,)TF(5)]S=75 A= = [ F(S)] .
1 & 1 &
9= o 0 — [(s—i—s) Fs )]S:ﬂf A 5= 3——[( +3 " F(s) ] B
gt
A= [(s-l-si)rF(s)]

(r—=1)! gs—1

§=735;

_12_



1

Example) F(s)= I G6r2) Find f(t)
k k.
F(s) = 50 + 5+22 : simple roots
4, A, A )
+ 1 + 11 + PRy : double roots
1/2 1/2 1 1
s s+2 s+1 (s+1)
where
I I _ 1 S I
b = [(s+1)3(s+2)Lo 2 & [s(s+1)3
1
A, = [(3+1)3F(5)]s=—1 = [le = —1
(4 1 _ [ —2(s+1) _
4 = [ds s(s+2)L_1 [32(s+2)2L_1 !
s
1 ds? \s(s+2) )| _ | 2'|ds \(s+27)],_ |
_ -2 [s (S+2)2—(S+1)[28(S+2)2+52 -2(5—!—2)]]
2! s'(s+2)! s=—1
= -1
_ 1 ]' — 2t —t g —t
hence, f(t) = Eu(t)—!—?e ult) u(t)*Ee ul(t)

(3) Simple complex conjugate poles.

2s . 2s

Example) F(S) = (S+1)(82 _|_25_|_5) o (3+1)(8+1+]2)(3+1_]2)

Fls) = ky k1+j2 kl—jQ _ —1/2  (1+2j)/4  (1—25)/4
s+1 s+1+52 s+1—352 s+1 st+1+25 s+1—2j
where
K _[278} _ _i
! s°+2s+51,__,
i _[ } o 1+2j
2 | (s+1)( s+1 2j) oy, 4
N
=2 (s+1) s—|-1+23 s=m 1425 4

Hence,
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_ 1+25 _ p 1—29 5.
ft)=——e tU(t)-i‘—]e (1+21)tu(t)—|——]e (1 2.7)tu(t)

4 4

_ 1 7 . . 27
= ——¢ tu(t)—i-ze t[e ﬂt—l—eﬂ%]u(t) + I‘]e

}u(t) —

,'2 _/2
et o 2

1 1-2
€ 2

_ L
= 26’ ult) + 1

1 _ 1 _ _
= —56 tu(t)JrEe teos(2t) + e tsin(2t)

(Another solution)

2s Ky

as+b

7t[€7j2t7€+j2t]u(t)
it g2t

2j

2j - 2) )€

1 u(t)

1/2 1

B (s+1)(32+23+5) s+l s +2s+5
Compare the coefficients
25 = kl(82+25+5)+(8+1)(a5+b)

= (k,+a)s® + (a+b+2k,)s + 5k, +b

where k, = [(s+1)F(s)] =

s=—1

1
k:l-i—a:—E—i-a:O = a=

atb+2k =at+b—1=2 = b=

or 5k;1+b=—%+b:0 - b=

1 _ 1 _ 4.
5 ’+§[e toos(2t) + 2¢ fsin (2t) |
1

Ee*t [—1+cos(2t)+2sin(2t) ]

where
s+5 s+5

s+1 2 -

1 s+5
s+1 2 ¢425+5

242545  (s+1)2+22 (s+1)>+22

— ¢ ‘cos (2t)+2e” tsin (2t)

<Mass-Spring-Damper system>

dy | dy _

r(t), find y(t).

y'(O)ZQ

where r(t)=0, y(0)=y, , dt
t=0

solution)

:0’

(s+1)*+22

M, b, K : constant
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taking Laplace TF
M[s*¥(s)—sy(0) =y (0)] + b[s Y(s)—y(0)] + KY¥(s) = R(s)
[M32+bs+[(] Y(S)Z(]Ws—!—b)yo

_ Ms+b
Ms®+bs + K

characteristic eq. Ms”+bs+K=0

. Y(s) : natural response [r(t)=0 ]

<General 2nd order system>

Natural resp. (transient resp.) if r(t)=0.

b
s+2Cw, B S+ﬂ
s*+2¢w, s+’ Yoo - sz—i—is—l—ﬁ %
M M
where natural freq. : w, = VK/M

damping ratio. : (=b/Q2VMK )
char. eg s*+2¢w,s+uw’ =0

poles s, = —Cw, Tw, VF—1

(1) No damping (¢=0)

char. eg. s°+w’ =0 = 5,,= tjuw,
s
Y(s) = ———y, = yt) = y,cos(w,t)
s2 + wi 0 0
o 4 @)

0 - 0 e
X JOn

Example) K/M = 2. b/M=0. ..( =0

v

S

Vis) = —°>—
( 32-0—2%



(2) Underdamping (0 < ¢ < 1)

_16_

char. eg. s°+2Cw,s+u’ = 0 = s, = —Cw, £ jw,8 where f=V1-
R 4 (1)
............... +ja)nﬁ yO
wy
0 . AN .
- o, 0 t
X .............. _]w"ﬂ

Cw'n, ﬁwn w’rL/B

cos(0) = =( sin(0) = =4 tan(0) = .y
wn wﬂ Cwn C

§% 420w, s +w? = s* + 20w, s+ Cw’ — Cuw’ +u?, where 3= V1—¢
= (s+Cw,)+uw(1—¢)

= (s+¢w, )+ (w,3)
_ st 2w, )+ (w,)
s2+ 2Cw, s + wir ho~ (s+Cw, P+ (w,3 )? Y
s+ Cw, ¢ w, 3

+ = .
(s Cw P4, 60 7 B (s, Pl 67
Taking Inverse Laplace TF
C —Qw,t

y(t) =y, P cos (w, Bt ) + v, 56 sin(w, Bt)
—Qw, 1 1 . .
= ype 5 [Boostw,Bt) + Csin(w,ft)] = f=sin(0). (=cos(?)
Yo —cw,t .
= ?0 e " sin(w, Bt +0)
K b
Example) ST 2 and ST 2
s+2 s+1+1
Ys) = ———y, = ———
(5) 2425420 (s+172+10

y(t)= yye ' [cos(t)+sin(t)] = y,v2 e "sinlt +45°)
where
cos(t)+sin(t) = V2 %cos(t)+
= V2 sin(t+45°)

1

W sin(t)



(3) Critical damping (¢ =1)

char. eg. 52+2wns+wi = (s—l-wn)2

s+2w, s+w, +w, 1 w

=0 = S19= —

Y(s) = =

Y
7 +2w, s+w’ ! (s+w,)

= ylt) = y, (e_w”t +e wnt)

Yo = + Yo

=y e "(1+wt
pe (1t w,t)

_17_

A (D)
+Ja) A
Yo
R > >
'a)n O () 0 t
K f
= =2 =22
Example) 27 and 7 V2
Vis) = s+22 _os+2v2 L V2
32—1-2\/534-2% (s+ \/5)2% (s++v2) (s++2)? Yo
= y(t) = ype 1+ v21)
(4) Overdamping (¢ > 1)
char. eg. s +2¢w,s+w’ =0 s,,= —(w, tw, V¢&—1 : real simple pole.
Yis) s+2w, [ k, k,
s = pumy
s*+2¢Cw, s+ Yo s+s; s+ s, Y%
= y(t) — yo (k1€781t+k26752t>
Ayt
o A )
Yo
X X > 0 >
-5 -8 o t




K _ fo_
Example) ST 2 and VA 3.
s+3 2 1
Yis) = oW = (s+1_3+2)y0

y(t) = yol2e " —e ™)

% Root locus as ¢ varies with w, constant

jo,
<1

{increasing
w’l

>1 >1

=1

_18_



2.5 The Transfer Function of Liner Systems

o | Linear
Time-invariant
System, g(t)

WD)
——>

(@) = g(t)*r(?)

<Mass-Spring-Damper system>

Py | dy
Vb Y gy = it
M 0 + it Y r(t)

taking Laplace TF

R(s)
—  G(s)

Y(s) = G(s) R(s)

M[s*¥(s) = sy(0) = ' (0) ] + bls¥(s)—y(0)] + K¥(s) = R(s)

Transfer fn. with all initial conditions zero

[Ms® +bs+ K| Y(s) = R(s)
Y(s) 1
R(s)  Ms*+bs+K

G(s)

characteristic eq. Ms”>+bs+K=0

—b+ Vb —4AMK

2M

pole s, =

Z€ro . none

<RC circuit>

Vyls) = == 1(5)
TF G,(s) = ;(S) :%,
1/sC
Vals) = R+1/sC 1(s)
TF G(s) = V(s) 1

Vl(s) - 1+sRC

where 7= RC : time constant

_19_

¥(s)

: Transfer fn with all initial conditions = 0

R(s) 1 Y(s)
— Yy —5
Ms’+bs+K
R

o V\ o
+ W +
L0 B .2
Vi(s) sC 7T Va(s)
0 0
Vi(s) 1 Va(s)

1+sRC




Example 2.2) Solution of differential eq.

Fy  dy .,
Initial conditions %(0)=1, %' (0)=0. r(t)=1, t=0
sol)

s ¥(s)—sy(0)—y (0)+4[s ¥(s) —y(0)] +3¥(s) = 2R(s)

(32+43+3)Y(s)—(3+4)y(0) = 2R(s)
s+4 2

G690 T GreTe
s+4

GT1E+3) sl

s +4s+2

s(s+1)(s+3)

Ky ky ky

S st s+3

2 +4s+2 } .

(s+1)(s+3) s:()_

Y(s)= 0) + R(s) where y(0)=1 and R(S):é

N &

~—

(s+3)

where k, = [

2 1 _ 1 _.
Hence, y(t) = {— + et - =¥

3 2 6

Example) Inverting amplifier with op amp.

R;
A%
R;
O =
o N .
m r + VO
Uy — Um + 1 _Uo 0 h 0
= where v, =v, =
Rl RZ 1 2
Vin Vo 0
R R
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Example 2.5) Transfer Function of dc motor

Armature

Stator
winding
N

Rotor windings
Brush

R
f,
+ Brush
Commutator

\% L .
s 4 Inertia = J Bearings
B Friction = f

ir(t) .

Field

(@ (b)

X motor torque

7,,(t)= K¢i,(t) where ¢ = Kji,(t)
= K Kjip(t )i, (t)

(1) field current-controlled dc motor
[i,(t) = constant, %,(t) = input ]

Motor Torque

T,(t) = K, i,(t) =T,t)+T,(t)

&0 (t) db (t)
=.f ] .
where ]2 (t ) tz f ” - Load Torque,

T,(t)=0 : Disturbance Torque

Field Voltage

dz’f(t)
dt

vf(t) = sz'f(t) + L,

Taking Laplace TF
T (s) = Kmff(s) = TL(S)

1
Vf(s) = Rflf(s) + Lfs]f(s) If(s) = mV}(s)
TL(S) = J529(8)+f89(8)
= 6(s) = L) Kbl l V,(s)
s(Js+f) s(Js+f) 5(Js+f)(Lfs-|—Rf) Y
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Transfer Function

Gls) = 0(s) _ K,
a Vf(s) s(Js+f)(Lfs+Rf)

Disturbance
Td(s)
| | Speed
] _ l pee Position
Lo | . T1(s) 1 @) | g 0(s)
- " Js+f s Output

Fig. 2.19 Block diagram model of field controlled dc motor
Vi(s) K, Lgs)
—> —»
Input | SUs +f)(Lgs + Re) | Output

(2) armature current controlled dc motor

[ (8 : constant, 7,2 : input ]
Motor Torque
T (@) = K,i,(t)
di, (t)
,(t)

db(t) : back electromotive-force voltage

d20(t) N fdﬂ(t) =7 () - T

T,(t) = J e —a

Taking Laplace TF at both side

T.(s) = K, I(s)

Ra[a(s) + Lasla(s) + KbW(s) where W(s) = s0(s)

V. (s) =
DI6) = ) —
) Lls) = Las+RaV"'8 T L s+R ' °

TL(s) = Js*0(s)+ fs0(s)
L) K)o e T =K, 1) if Tyls)=0

") 6s)= S(J5+f> s(]s—i—f)

K V. (s) K;,IK,)SH(S)

T St/ L5t R) sUst )L stR)

If arranged



s(Js+f)(Las+Ra)+I(7nl(l,8 - K,

s(Js+f)L,s+R,) 5= S(JS+f)(LaS+Ra)V;(S)

Transfer Function

m

V.(s)  sl(s+f)L,s+R)+K, K|
K

s (s* +2Cw, s+u?)

s K
als) =26 _

Disturbance
T;(s)
Speed
+ T,,(5) ‘% ) | 1 @)
Va(s) R, + L,s e Js + f i
K, |
Back emf

Fig 2.20 Armature-controlled dc motor

U |-
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2.6 Block diagram models

unidirectional operational blocks.

R (s) G (s) C(s)
Input Output
C(s) = G(s)R(s) G(s) = s) : Transfer fn
R(s)
% Negative f/b control system : Fig 2.25.
Input E,(s) Output
R(s) o (O——p!G(s5) > C(s)
+ N
B(s)
H(s) |
il e

Error signal : E,(s) = R(s) — HC(s)

output
Cls) = Gls) - E,(s) = Gls) [R(s)—HCs)] = GR(s) — GHCs)
[1+GH(s) Cls) = G(s)R(s)

G(s)

As) = T o)

R(s)

Table 2.6 Block diagram transformations..

(1) cascade connection

X X X X X3 _
— ) G,(5) —— Gys) —> — GG, >
X, = G X, X, = GX, =) Xy = GI“G'ZXl

(2) Moving a summing pt behind a block

Xl + X3 X1 + X3
G —> e

I+
I+

X,=GX +X,) = X,=GX +GX,

_24_



(3) Moving a pick-off pt ahead of a block

X X3 X, X5
— > G > > G —>
X, X,
— — G [«
(4) Moving a pick-off behind a block
Xl X2 X] X2
—» G > G >
X X [
< < — |
G
(5) Moving a summing pt ahead of a block
X, + X; X+ X
» G > - G >
+ +
2
X, G
X,= GX, * X, X = G X))
- G(Xﬁ%XQ)
(6) Eliminating a f/b loop.
X, + X,
X X
" G 1 o C ‘5
= 1 * GH
H




Example 2.7) Block diagram reduction

: Fig 2.26
H, |&—
R(S) Gl P G2 e G3 i G4 > Y(S)
- +
H, |«
H; |e
(1) Moving a pick off point ( G3— G,) behind G, using rule 4.
e
Gy |
+ + +
G] G2 | | G3 > G4 » C(Y)
- %+
H, e
Hy |«
(2) Eliminating G;Gy-H, loop using rule 6.
Bl
G, |
N R t*— . G3Gy _
VT_ > Gl rv > G2 > 1—G3G4H1 > C(T)
H; |«
3y Eliminating & GG H : e 6
(3) Eliminating G, - ma oop using rule 6.
+ G2G3G4 >
O iS00m0, [T
H; [«
(4) Eliminating final loop. R(s) G,G,G5G, C(s»)

1 - G3G4H1 +G263H2+G1G2G3G4H3

_26_
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2.7 Signal Flow Graph Models..

. linear algebraic eg.

Cls) = G(s)R(s)

R(s) C(s
G(s) : Block diagram
node G(s) node

R(s) branch  ((y) : Signal Flow Graph

where R(s) and C(s) : System signal

G(s) : Gain
Example)
C
R(S)+ ) (s) R
H(s) | E(s)= R(s) — H(s) Cls)
. G : Cls)= G(s) E(s)
R E C C
Input node Output node

<notations>

(1) input node(source) : 22 LIJ}

SH2= HS2ts #

(2) output node(sink) :

Example) Yo= Gy, T a5
Y3 = 3Ys

Input node : y,

Output node : y,, y; (any node)
X HIAE0ICE 8002 2¢ts = 8ls.

Yo # apth tagys +y, : Not



Example)

Yp = apyy T
Y3 = Gyglp T
Yg = Gy, t
Ys = QoY T

(3) path(E2) : &2 &eol H5H0l JHKS2 &3¢

(4) forward path : input node — output node 28! Ol& HXH A= CHE)
(5) path gain(Z 2 0|5)

(6) loop : ™ OLCIOIA AIEGHH 21 OtCIOIA 2U= B2

(7) loop gain

(1) input node :y,
(2) output node :y; (any node)
(3) forward path

Y =7 Y+ Y17 Yo © A
v — {91 Yy Y3 ¢ Qg Qo3
! s Y17 Y "Y1~ Y3 © Gyt Gyt Gy
o {yl—yz—yg—w gyt Gyt ay,
! 4 Y 7Y 7Yy © Qg T Gy

Y17 Y2 Ys Yy~ Ys - Qg ° Qg3 ® Agy * Qs

Y1 =Y - YN TR T Y TYs © Qg Gyt Qyy
Y1~ Y27 Y5 ¢ Qg Qo
(4)loop
a32 a43
as, Ay Ay
Vs Y3 V3 V4 V4 ay,
ay3dy, a3, a4 Ay . d.a

24 Ay43d3

_28_
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% Mason's loop rule (0|5 34)

N
N P AE
T 2 yout _ k=1
yin A
where
7T : gain

N : # of forward path btn v~y ..

P, : gain of k-th forward path.

A =1 - (e loop O|§9— =)

~
=
10
==
[l
I
5}
@]
o
HJIﬂ
10
=
T
4
10
o

| s—

- 3IHe l:llx*x loopg ol 0l

+ (4HSHIE = loop=
- 52 HIE =2 loop=2l &

A, : cofactor of the path P,
HZOAS A)

(kM forward pathE HI2lst MSSE

Example) previous example, y—5 =7
1
sol)
# of forward path N=3
(T TR I P O R YRR UTERAVESS |
Y~ Y Yy~ Ys Py =ayy + ay * ay PAy =1
Y~ Y2 Ys PPy =gyt ay PAg=1mag ayyay

A =1- (a23'a32 tagratay+ a24-a43-a32) + (%3'032'@44)

Hence, Gain is

Y
==
Y1

1
= z(PlAl+P,ZA2+P2A3)

1
= (alz'a23'a34'a45 Qo Q5+ A0y

/A
T Q19 o534y 3 T Qo' Uosyy )



Example) TF of Multiple loop system ~ Fig 2.26

+ + +
R(s) e

> Y(s)

H,

Iy

sol)
Signal flow graph

# of forward path :N=1
P=G GGG and A =1
A= 1-[GG, (~ )+ GG, H, + GGGy (— 1)

= 1+ GGH, — GG H, + G Gy Gy G A,

Hence

Cls) PA  GGGG

R(s) A A
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Example) KUO

A= 1-(=GH — GH,— H — G GGyH;)
+(Gy 1, GyHy + G Hy H, + Gy, H, + G, G, G, H, 1, )
_(_G1}11G3H2H4)

= 1+ G H, + Gy, + H,+ G, G, Gy H, + G, H, Gy H, + G, H, H, + Gy H, H,
+ G, G, Gy HyH, + G, H, Gy Hy

P A
A

Yo
1 = =
(1) "
where P, = 1

AN =1—(-GH,— H, )+ (G,H,H,)
= 1+ GyH,+ H,+ GyH,H,

Y 1
Hence — = Z(1+@fg+m+@,}gm)

(%]

Yo 1A _ b
(2) PN ALGG W+
where P, = GG,
A=1—-(=H,) = 1+H,
Y M\ 4+ M 1
3) y_j - L2~ G GGG+ GG, 1+ GH,)]

where P =G GGG, P,= GG
A =1 A, = 1+ G,H,

P 3/2/?/1 a 1+ GyH, + H, + GyH,H,

) Ys Yo/ %1 _ G GGG+ GG (1+ G H,)
Y
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