Chapter 8. Frequency Response Methods.

The freq. resp. of a system is defined as the steady—state resp. to sinusoidal input

signal as w varies.

R(s) C(s)
> T(s) >
r(f) = A sin(wr) c(r) = B sin(wit+¢)
=4 - ‘TSS(‘]U)” - sin(wt+¢)
proof )
T(S): nm(S) , R(S): QAw
H(S +p,;) s*+w
i=1
k k
S Cls) = T(s)Rls) = — R b

4+ e+
s+p; s+p, s2 +u?
If the system is stable (at steady-—state),

} =lim k; e " =0 <« natural resp.(transient resp.) =

t—c0

. -1 i
122 + {5+p¢

In the steady—state (t—0)
as+f3 _ as+ ) Aw

C‘ZS(S) B s +u’ Aw s? +u’ - TSS(S) . R(S)
where
| wts  JFEIE [
ﬂsgw)zﬂs)\szjwzjij = Aufiua K_(tan 1%)
/2 .22
where |7, (jw)| = M L{_T (jw) = K_(an_l%)
s)et)=£71 Oés_:_ﬁz = «a cos(wt)+ — sin(wt)
s?+w
_ P+ { 3
w VEF+o*u?
>, 2 2
= s j_va 51n(wt+(b) a

=A4- |7, (w)]| - sin(wt+¢)

= We need some graphical plot for |7, (jw)| and ¢= 4 T, (jw).



Example )

(1) c(t)
1
P R >
A sin(wf) A |T(w)| sin(wt+g)
1
sol)  T(jw)= =
= | TGw)| = 1. = ! and ¢= L(_T(jw)z —tan_lﬂ
|1+]w| V14 w? 1
If »(t)=10sin(t), (4=10, w=1)
1 41 .
= | TGw)] :W’ ¢= —tan 1T = —45
1 . 10 . .
= c(t)le-Wsin(t—ZIS )Zﬁsm(t—% )
If 7(t)=10sin(2t), (4=10, w=2)
o = L 12 .
= | TGw)| = 7 o= —tan 'q 63.43
10 .
= ct)= N sin(t—63.43°)
If r(t)=10 = r(t)=10sin(0t) (A4=10, w=0 : dc)
. 1 40 .
= | TGw)] =T=1, ¢= —tan IT =0
= ¢(t)=10sin(0t+0°)=10 A
JX(w)
8.2 Freq. resp. plot w=0
*——
1R(w)
<Polar plot>
T(jw)ZR(w)—i-jX(w) v.s w=0 —>oc0 .
= | Tlw)| £ T(jw) .
w=2 S
w=1 Transfer fn
Example ) In previous example plane

w |0 1 2w
|7Gw)| | 1 1/v2 1/v/6 - 0
£TGw)| 0° —45° —6343 -+ —90°




Example 8.1 ) Freq. resp. of RC filter

il o\ :
V2(5) sC 1
1(s)= - = + R +
V,(s) 1 1+sRC
R+—
5¢ () c =< - (t)
. . _ Vi AT~ C V)
sinusoidal steady—state TF -~ s V)
N 1 _
Tjw) = 1+ jwRC — 17=RC>0 . L
o '}
1 1—jwr
= - X -
1+ jwr 1—jwr
I S jxon T
1+(w7’)2 1—1—(u;7')2
W —ao 02 0.5 0.8 1 Row)
w | 0 05/r 1/t 2/t oo :
R(w) 1 0.8 0.5 0.9 0 0.4 N @ .......................... & w=0.5/1
w=2/1 :
X(w) O _04 _05 _04 O _05 .............................................. _.
w=1/z Transfer fn plane
Another solution)
T(s) = LI L7 «— s=jw for sinusoidal input
s+1  s+1/7 J
1 w _)OOT 10)
o 1 76)] = T and £ T(s) = — £ (s+1/7) J
|5+1/7'|
w 0 - oo S=jw
—
[TGo)] | 1 - 0 oy
£ T(jw) 0° - —90°
o
w 0 - 00 %\ —>
ls+1/ | 1/r - - -1z 0 o
£(s+1/7) 0° — +90°

¥ 1+7s =71(s+1/7)
= |1+Ts| :T|s-|-1/7'|
= £(1+7s)=£(s+1/7)




Example 8.2 ) Polar plot of a TF

jo
K K/t
T(s)= s(rs+1) s(s+1/7) s=jw
sol) .
B K/ s+1/t
Tl = T+ i
LT) = —[4£(s)+ £(s+1/7)]= — (6, +6,) 02
/\
-1/t 0 o
w o" — 0o
| TGw)] o0 - 0
£ TGw) | —90° — —180° “.X( )
J w
+ —
w 0 © w—o| 0 Rw)
£(s) +90° — +90° always +90° Kt ,\: n7
V2.l 135°
w 0" — 0 - i
1/T. .-"'-41(1'
|s+1/7] 1/7 — oo =
£L(s+1/7)| o©° - +90° 1/276
At w=1/7 Transfer fn plane
‘ K/t
= w)| = T
TG = Tev i | w0\
KT _ KT
1.v2 V2
T T
= £T(s)=—[4(s)+ 4£(s+1/7)]= —(90° +45°) = —135°
At w=1/27r
K/t
= [TGw)| = 77
00 = TG |, e
o K/t 4Kt
1 V5 V5
2T 2T
= £ T(s)=—[4(s)+ £ (rs+1)]= —(90° +27°) = —117°



<Bode plot> ~ Logarithmic plot
1) Magnitude plot : 20log,, | 7(w)| (dB) versus w

2) Phase plot D ¢(w) versus w

Example 8.3 ) Bode plot of RC filter ~ Example &8.1)

1 1 1
T(s) 1+sRC  1+7s Tw) 1+ jwr
1) Magnitude plot
L 1
20 log | 7(jw)| = 20 log Tirjar
= 20 log(1) — 20 log|1 + jwr]|
= —20 log(1+w?r)"?
= —101log(1+uw’r)
2) Phase plot
pw) = £ T(jw)= — £ (1+jwr)
S B
= —tan 1
w | 0 1/2r 2/21 3/27 4/2r oo
_ 5 9
| T(jw) | 0 —1010g(z) —101og(2) —1010g(z) —101og(5)
d(w) 0° —927° —45° —63° —90°

= Linear scale of freq. is not judicious choice.

= Logarithmic scale of freq.

For small freq. w< 1/7 (wr< 1)

20 log | T(jw)| = —10log(1 +w*r*) = —101log(1) =0dB
. .0 )
¢(w)= —tan 1% ~ —tan 1T =0

For large freq. w>> 1/7 (wr>1)
20 log | TGw)| = —10 log(1+w?*r?) = —10 log(wr)?

= —20 log(wr) = —20 log(w) — 20 log(7)

P(w) = —tanﬂ% — —90°



-20log [T(jw)| &
(dB)
-log(7)  1-log(7) 2-log(7) 3-log(7)  log(w)
0.1/t 0|l 1l/r 10/ 100/ 1000/t 1)
wT K 1 : : ”
Actual curve -3
90 | ............................... ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
: -20 dB/decade :
Y — W
260 | e DL
A
Hw)
-log()  1-log(7) 2-log(7) 3-log(7) log(w)
0.1/7 1/t 10/ 100/7 1000/ 0]
wT <K 1 0° : : ‘ "
450 N ................................. .................................
-90° :
ot 1

# decade : freq. interval between w; and w, = 10w,

octave : freq. interval between w, and w, = 2w,

¥ gain difference
1) decade : w,=10w,, w, > 1/t

20 log | 7(jw, )| —20 log | 7w, )| = —20 log(w,7) — [—20 log(w,T) |
Wy T
= 20[log(w,7) —log(w,7)|= 20 log(w—ﬂ)
= 20l0g(10) = 20 (dB)
2) octave @ w,=2w,, w, >1/7
Wy T
20 log| T(jwl)‘—QO log| T(jw2)| =20 log(w—:_)
1
= 201og(2) =~ 6.02 (dB)

¥ At w=1/7 : —3dB freq. = cut—off freq.
20 log | T(jw)| = —10log(1+w’r*) =~ —3 (dB)

plw) = —tan*$ = —45°



<Generalized TF>

G1(5) GQ(S)
]1(3): GS(S)

= 201log| 7| = 201log(G,)+2010g(G,) —20 log(G;)
pw)= £ G + 4G, — £G,

1) Constant gain G(s)=K

.. 1
2) poles(zeros) at the origin G(s):;, OR G(s)=s

. 1
3) poles(zeros) on the real axis G(s)= Ths OR G(s)=1+7s
4) Compl i les (zeros) Gls) v, OR Gs)= 2Kt
omplex conjugate poles (zeros 5)= , s)=
P e P s+ 20w, s +w’ w’

¥ Bode A% 18]7]

1) Constant Gain

Gis)=K
= 201log |G| = 20 1log(k) : Constant
pw) =0"

20log |G| (dB)

20logi(K)
0.1 10 100 1000
0 : : : : W
Ho) A
0.1 L 101001000,
OO : : : : : @




2) Poles at the origin

R
Gls) = Gljv) =~

= 20log | GGjw)| = —20log(w) (dB)

w)=

olw) = —tan_l(—

0 —90

OR ¢(w) = £ G(s)|,_,
=4£(1)— £ (Gw)= -9~

Example)
. 1
G(S):? - GUU)):W
= 20 log | G(jw) | = —20 log(wQ)
= —40 log(w)
plw) = £G(s)],_,
=4£(1)—2 4 (jw)= —180
Example)
_ 1
G(s)= 3

Example) Zeros at the origin
G(s)=s — G(jw) = jw

= 201log| G(jw) | = +201log(w) (dB)
ow)= 4 (jw)= +90°

Example)
G(s)=s? — G(jw) = (7'w)2
= 20log| GlGjw) | = +40log(w) (dB)
d(w) =2 £ (jw) = +180°

Example)
G(s)=s*

20log

G| (@B)

A

-40 L/l;?/d(,’(lld(,’

0.1 10 100

[
»

0°
-90°

-180°

20log |
40

20

A

Gl (dB)

0°
-90°

-180°




3) Poles on the real axis

1 1
Cl) =177 Gljw) = 1+ jwr

= 20 log| Gljw) | = —20 log(1+w?7) /2
= —101log(1+w?*?)

¢(w)

_ _tanl(ﬂ)
1

If w<1/7 (wr<1),
then 20 log| G(jw)| = 0 and ¢(w) = 0

If w>»1/7 (wr>1),
then 20 log| G(jw) |

—10 log(wr)?
—20 log(un')

(w) = —90
¥ At w=1/7 : —3dB freq.
. lower 3dB freq.
. cut—off freq.
. coner freq.

. break freq.
20 log | G(jw)| = —10 log(1 +w’7?)

~ —3 (dB)
p(w) = —tan ' 2L = —45°

1

Example) Zeros on the real axis
Gs)=1+7s

= 20 log| GGw) | = 20 log(1+w?7)"?
=10 log(1 +w*7*)

ﬂ)
1

Example) Double poles on the real axis

-1

¢(w) = tan

Double zeros on the real axis

. 1
)=y

Gls)=01+7s)?

20log |G| (dB)
A

40

0.1/7 0/r 1007

SV

-20 dB/décade

0.1/7
0°
-45°

-90°

20log |G| (dB)
A

80
60
40
20

40 dB/c/ecm/c%

0.1/7

[

Sy

4
180°

90°

00

-90°

-180°




4) Complex conjugate poles

2
’LU2

w, . n 1
N s* + 20w, s +w? - Ghw)= (jw)?* + 2w, (jw) +w N jwl\ 20w
. i
1 w .
Zm, where uEw—n : normalized freq
20 log | Gljw) | = —20 log[(1 — 2 +4¢8?] ? ZOIOgJ_G‘ “
— —1010g[( ) +4 2u2] 0T o SO SAOTSOOSION SO S
4| 2Cu
#(w) = —tan -
If u<l,
then 201log| G(jw)| = —101log(1) = 0dB
¢(w) = —tan™" <=0
If u>1, Ho)
then A
20 log | G(jw) | = —10log(u*) = —40 log(u
p(w) = —tan™' 2@ ) = —180°
¥ At u=1
20 log | G(jw) | = —1010g(4¢*) = —20 log(2¢)
dw) = —tan~ 1(2C —90°
If ¢=1,
then 20log| G| = —2010g(2) = —6dB
If ¢(=1/v2,
then 201log| G| = —2010g(2/v2) = —3dB
If 2¢=1, 2010g‘\‘G\ (dB) Resonance
then 201log| G| = —201o0g(1) = 0dB 40 [ U
If 2¢=10"% o0 b AN
then 20log| G| = —2010g(10™!) =20dB  __ s
If 2¢=102,
then 201log| G| = —2010g(1072) = 40 dB
If 2¢=10"°,
then 20log| G| = —201og(10™?) = 60 dB
80 |

_10_




¥ Resonant freq.

1

|Glju) | = - el
V(=2 +4d du
R 2 21 1/2 232 2. 2]
d|G|: 2[(1 u)+4Cu] [(1 u)+4§u]
du (1—u2)2 + 4¢3

(1—u?)?+4u* # 0

Hence, [(1—u2)?+4¢u?] =2(1—u2)(—2u)+8Cu = 0
du(u®—142¢)=0

= u=0 or u= =%

Su=+

1-2¢ =

¥ Resonant freq.

1—2¢

w

w’r 1

w, = w, V1i—-2¢ (8—36)
¥ Maximum magnitude
%w:|G|max_ - (8_37)
20V1-¢

proof) |G(jw) |

u=y1-2¢
M}w“ A W,
Wy
[ ]
3.5
1.0
3.0 0.9
1038
RPE
25 0.7
0.6
Nesw
2.0 . \\ 0.5
\ 0.4
1.5 03
________________________________________________________________________________________ o136 \
0.2
......................................................................................... ol1.155 \
1.0 0.26 . 0.1,
0.1 0.2 0.3 0.4 0.5 0.6 0.7

_11_



Example) Given Bode plot of 2™ order system
w,
s +2¢w, s +wi 2010g‘LG\ (dB)
sol)
20 log(-/wpw) =6.04dB 604 |
j ']14]-711} :2
From Fig. 8.11
= (=026
~ =0.925
n 2B | B
w,
N _ . 280 [ g
Wa = 0095 0
10 100
Hence, G(s)= 5 ===
s°+2-0.26-10s+10 s°+5.125s+100

¥ “Minimum phase” Transfer function if all its zeros lie in the lhp.
“Non—minimum phase” Transfer function if it has zeros lie in the rhp.
Example)
s+1 s—1
= = ¢ (o)
GI(S) S+2 and Gl(S) S+2 1800 .............................................................................................................
1) Magnitude 54 : |G |=|G,| :
) Magnitude 54 : |G |=|G,| : same 4o(@)
G |= |s+1] 4w Vitw?
1 |S+2| szjw |2+]U)| m 900 ..............................................................................................................
G| |s—1] ) =14w] Vil #1(@)
’ |S+2| 5= jw |2+]w| \/4"”[1]2 »
0° o
2) Phase 573
£G =4(+1)—4(s+2)=6,—0, <90~
£G,=4(s—1)—4£(s+2) =6,—0, < 180"
% Net phase shift over all freq. range = ¢ <@,
s=jw S=jo
9_7 9_7
-2 -1 -2 -1 1

_12_



Example)

~10(1+5/10)
G = s
1 1
:10><(1+s/10)><;><m

:G’1><

G, XGX G,

1) 20log| G| =201log| G, | +201log|G,| +201log| G, | +201l0g| G, |
2) 4G=4G + 4G+ LG+ £G,

20

45°

20 dB/dec

G;

G,

-20'dB/deé |

02 03 1 2 3

k(D(a))

10

20 100

0.2 03 1 23

_13_
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Example) Given Bode plot

sol) 420 10g G| V
1) G(S):E 40\ ]~
' s 32 [ o 0 dB/dec
At w=0.2 B Ll
20 -20 dBydec’
= 201log| G, | =12 dB I
]2 SRR SRR TSR SURK PUC T SN T SR,
K
=1 | =
0.6 0.. . 4 40 dB/dec . . ...
= SH=107=08 ) R
= K=0.13 e SN T
-20
2) Gy(s)=1+s/0.2 2|
=5s+1 : bt — : ' .
Y 01 0203 1 10 20 3040 100
1 16
3) Gi(s) = =
s (1+s/4)? (s+4)*
Hence, G(s)= Gy(s) - Gy(s) + Gyls) =225 (55+1) - —0_
s (s+4)

_ 2.08(55+1)

s(s +4)2

Example) Given Bode plot

sol)

1) G/ (s)=Ks

At w=2

= 20log| G, | =0 dB
= 20 10g(2K) =0
= K=0.5

2) Gyl(s)

1

20

T 1+s/20

)

1 58

3) Gy(s)

Hence, G(s)

T 1+s/58  s+58

G (s) - Gy(s) -

580 s
(s+20)(s+58)

} 20 1og |G G,/
40
D (ZMM“
20

20 dbdec

V20 dB/dec.

-20

40

Gy

10

‘1 2
20 58
() =05s - o0 7 s

_14_




8.4 Freq. response measurements

Bode plot (freq. resp. for unknown system) from Signal Analyzer
= Transfer fn.

A

Example) Given Bode plot 10
sol)

} 20 10g G|

1) 1% section 0

0dB

-20

-30

0

dB : ~ 10 10" 20,000 T
2,450
-20 dB/dec Lo ()
TARE & 90°

\ A

107 300 e

= real pole with w, =300

G (s)

1 450
~ 1+5/300
2) 3" section

0°

w=20,000

-45°

+90° ) bt ettt e R
8 H45° 90 ¢ 300 o 10 00 o
0°

0dB 1
-20 dB/dec = real pole with w, =300 G(s)=——F——
2ANEE N\ P ! () 1+ /20,000

3) 2" section

w=2,450

+20 dB/dec

2+ 20w, s + wfl

= complex zeros with w, = 2,450

_15_



w 2950 AANRES} AR Y] Apo]

20 log(M,,,) = 10 dB
1
= Mw:\/l—zi or from Fig. 8.11
! 20V/1-¢
1 4 2 1 2
= 0= ————+ = ("= == = 2=0974 .02
0 120-0) (=g =0 C=0974 or 0.0256

= (=0988 or 0.16 <« (=0.707
Hence, ¢ =0.16

w, = w,V1—2¢=2,450  or from Fig. 8.11

2.4
= w, = _ 240 2,515
V1—2¢
s +20w,s+w,  §2+42-0.16 - 2,515+ 2,515
Hence, G,(s)= ; = 5
w? 2.515
5" +8055+6,325,225
- 6,325,225
Total transfer fn
7(s)=G - Gy - G
_ 1 52 +805s + 6,325,225 1
1+5/300 6,325,225 1+ 5/20,000

_ 0.9486 (s* 4805 s +6,325,225)
(s+300)(s+20,000)

_16_



8.5. Performance spec. in the freq. domain

Freq. resp. (freq. domain) ¢ Transient resp. (time domain)
(Bode plot) (PO, T, T, ¢ &

Example) 2™ order closed—loop system ~ Fig. 8.24

R(s) .2 C(s)
+ O > s(s+2¢w,) "
- 7s) t
S p—
s>+ 20w, s +w’
Resonant freq. 20log |T| (dB)
w, = w, V1i—2¢ *
Maximum magnitude 20108(Mpp) |-y g
1 o >
M, = - W, ] Y
b 2V1—¢ 3 [ W
¥ Bandwidth : wy;= —3dB freq
20 log| 7|= —10 log|(1 —u?) +2¢%?] = —3dB
(1—u?)+2¢u* =107 =1.9955
o) u~ —1.1961¢ +1.8508 ~ Fig. 8.26
=
wy=w,(—1.1961¢ + 1.8508)
for 0.3=<¢=<0.8
% wy, Z7F (wnA) > (FE o T A T’“:w
M,, = 7F - (A — PO <7} PO =100 exp LWQ)
1-¢
w, S7 (CLA) - T A T :_ci

¥ Desirable freq. domain spec.
1) Relatively small M

pw

2) Relatively large wpy

_17_



Example) Find ¢ and w, to satisfy the following design spec.

D M, <15
£>0355
2) T, < 10 sec. o, P\¢@.>04
sol)
D M, <15
— (¢ = 0.355 from Fig. 8.11
4
2) T, =—— < 10sec.
Cwn 1.1429 [ ovvvevinennn
- (w, = 04
o 0.355 c
¥ Steady—state error spec.
7(s) !
8 =
§% 420w, s +w?
E(s) = R(s)— C(s) = [1—T(s)] R(s)
. . 1
1) unit step input, R(s):;
e,s =lim sE(s)=1—-7T0)=1—1=0
s—0
. ) 1
2) unit ramp input, R(s)=—
S
e,, =lim sE(s) =lim 1-Ts) =]lim — 5 _ X
50 50 5 s—0 8" +2w,s+w, W,
Example) e, <0.2 for unit ramp input
A
sol) @, @, =10
e, = % < 0.2
wn
= w, >10¢
0 z>

_18_



8.6 Log Magnitude and Phase diagram

Example)
1
G(s)=
( ) 1+7s
sol)
20log |G| (dB) 20log |G| (dB)
A A
0.1/7 1z 10/7 100/7 -90° -45° (f R
0 : : : @ 0 : (oi—l/r w<(},l/’r Hw)
: : : : Pr :
20 [ S S - o7t
-20:dB/decade ; 20 | @
: H w=10/t
GO b b Wy
¢( w) /1) [ S — rw:]()()/z- ....................................................................
A
0.1/ 1/t 10/t 100/
0° : z § g 5 .
: ) [ C—— T{():l,OO()/z' ..........................................................
-45° .
> <Log Mag. and Phase diagram>
-90°

<Bode plot>

Example) Find transfer fn.

sol)

G(s)=

K
83

At w=1, 20log|G| =20dB

3

= 20 log(
w

K) =20dB
w=1

Hence, A=10

_19_

20log |G| (@B)}
037t
W= 1 ............................................ 20 dB
-270° Ho)




8.7 Design Example : Engraving machine control system

R(s) ] C(s)
2O X » GG >
Given Bode plot
sol)
20log [1] (dB
T T L
S3+382+28+K S2+2C'UJ”S+'LU?L § o
D 819 = —2.5214, —0.2393 % j0.8579 ) .
. approximation to 2™ order system w,=08 W
515 = —0.2393 % j0.8579
20log(M,,) =5dB at w, =0.8
= M, =1.7783
w”' .
= (=0.285 and " =0.91 from Fig. 8.11 ¢(w)T
91 0| g
w =20 "
w,
Hence,
0.774
s) = —
s”+0.55+0.774 ST80C [

P.O.=37% from Fig. 5.8
4

T =——=15.Tsec
s Cwn

_20_




