Chapter 9. Stability in the freq. domain

- Nyquist stability criterion based on Cauchy’s theorem
9.2 Mapping Contour in the s-domain

Example) Fs)=2s+1

Ajw Ay
D j A D 72 A
F(s) =2s+1
5 L, {\* 1 5,
0 P apping 0 0
C J \[\B C 52 \,\ B
s - plane  Contour [ F(s) - plane Mapping
Contour
1) point A — F(s)|,_,; =2(1+j)+1=3+;2
2) point B = Fls)|,_,_; =2(1—j)+1=3—j2
3) point ¢ — Fls)|,__,_;=2(-1—j)+1=—1—;2
4) point D — Fls)|,__;=2(=1+j)+1= —1+;2
Example) F(s)= i
5+2 ?jv
b As)| _l4j 14 3—j _ 4452 Do
=1t 345 345 3—j 10
1—j 1—37 3+  4—j2
2) Fls)|,o, . = - = : - =
) (S)""’l 73—y 3—j5 3+ 10 02 4
—1—5 —1—j 1+j . ' 0.4
3) Fls)|,——y—, 1= =7 1+ J | > >
=14y =145 15 B
Y ENars =755 =Ty 1=y N
 s=-1 — Fs)|,_, = =1 Mapping

C | 7 Contour
F(s) - plane I}



% Enclosed Area
~ Contour area to the right of traversal of the contour

~ “clockwise and eyes right” rule

% Cauchy’s thm : argument principal

If a contour I, enclose Z zeros and P poles of F! (s),

the mapping contour I, enclose the origin of the F(s)-plane N = Z— P times.

E l F( ) (3—|—21)(s+22)
xample) s)= G +p1)(s +p2)
- |F(S) | « (¢Zl T qbzz - prl a ¢p2)
Ay A,
J r J
¢:/
Ir
K} Z)
/ o v O
o1 Mapping
12 12 o 0 u

The net angle change for unenclosed poles and zeros as s traverses along I, is 0°.

S

(13

for enclosed ”? is 360 °.
= Q,=0,— P,
where @, : net angle changes of E(s)
®, : net angle changes of enclosed zeros
®, : net angle changes of enclosed poles
= 2rn- N=2n+-2Z—2w- P
Hence, N = 2Z— P

Example) Above figure
Z=1, P=0 = N=1



9.3 Nyquist Criterion R(s)
——>0—> G
_ Gl(s) -
T(s) = 1+ GH(s)
F(s)=1+ GH(s) H(s)
where F(s)2] zeros = roots of char. eq.
F(s)2] poles = GH(s)2] poles
¥ Note : F(s)2] zeros = GH(s)2 zeros
<Nyquist Contour> Fig. 9.8
A A

v

C(s)

\

P=1 r—o
F(s) = 1+GH(s) \
7 T
W % U> ~___7 _1\0 5 u>
GH(s) \,\
\\ Mapping
Nyquist Contour
s —lplane Contour 1 F(s) - plane GH(s) - planeFGH

# of clockwise encirclements of the origin in the F£1 (s) plane

Example) Above case
N=7—P
= Z=N+P=2+1=3
# of zeros of F(s) in the rhp.
(=gt 9 i)

Hence, “Unstable”

Example) Right figure
N=—-1
= Z=N+P=—-1+1=0

Hence, “Stable”

N

# of clockwise encirclements of the (—1,0) point in the GH(s) plane

\ 4

GH(s) - plane




¢ Nyquist stability criterion

If Z= N+ P =0, then the system is stable.

Otherwise, unstable.

Example 9.1) System with 2 real poles

1,000
GH(s) = (s+1)(s+10)
sol)
B 1,000
|GH ) = 1T+ 10]

£ GH(s)= — £ (s+1)— 4 (s +10) = — (6, +6,)

-

P=0 r—o0
-10 -1
| Nyquist
s - plane

1) Origin (s =0)
1,000
1-10

| GH|= =100

£GH(s)=(0°"4+0°)=0°

2) +jw axis (s =jw, w=0" — o)

| GH| = 100 — 0

£ GH(s)=—0" — —180°

3) —jw axis (s = —jw, w=0 < 00)

| GH| = 100 < 0

£ GH(s) = +0° «— +180°

% 5= jwsl oA

Contour I

cf) char. eq. 1+ GH(s)=0

S=-jw

 =too ® =+0
' :
—e —>
-1 100
s=tjw \/\
Nyquist
| Plot

GH(s) - plane

Aj(()
—
st+1
—
X — X ¢—»
— (o}
10 10 1
‘ja)

s=jw




4) infinite semi-circle

o
(s=re? r—oco, ¢=+90"—> —90") s=re’?
L,
\ar| = 20
CO « OO
£ GH(s) = —180° — +180° - p
I
% AAbe] 360° 3] X 4
-10 -1
. . y —>c0
Nyquist plot does not enclose the (-1,0) point.
= N=0
= Z=N+P=04+0=0
Hence, the system is “stable”.
Example 9.2) System with a pole at the origin
GH(s) = B here K> 0
s(rs+1)
sol)
K
Hs)|=v———
|G 1= T 1]
£GH(s)= —4(s)— 4 (rs+1) = — (0, +0,)
Tjw ) —O"Tj '
_ s=ge’?
P=0 r— I
GH(s)
’lé 7~ ™ N=0 w =too
e >
-1/7 0 O
y—o0
\l\ s=tjw \[\
Nyquist Nyquist
| Contour I - Plot
s - plane w=0"|

GH(s) - plane



1) small semi-circle at the origin
(s=¢eel &0, ¢=—90"— +90°)

K
0-1/7
£ GH(s)= 490" — —90°

= O

|GH| =

2) +jw axis (s =jw, w=0" — o)
|GH| = 0 — 0
£ GH(s) = —90° — —180°

3) —jw axis (s = —jw, w =0 < )
% s = jwe}l U

4) infinite semi-circle
(s=re’ r—oco, $=+90°— —90")

K
|GH| = ———— =0
O « OO

£ GH(s) = —180° — +180°
A2k 360 ° 3] A

Nyquist plot does not enclose the (-1,0) point.
= N=0
= Z=N+P=0+0=0

Hence, the system is “stable”.

s=ge’?
e
7s+1 o
K
o,
% - O, >
-1/t 0 o
r—0
‘ja)

s=jo

ol
pre
s=rel?
y —>co
\/{ o
-1/t 0 o




Example 9.3) System with 3 poles

K
GHls) = s(s+1)(s+2)
sol)
B K
| GHG) =TT 72

£GH(s)=—4(s)—4(s+1)— 4 (s+2) = —(0,+6,+6,)

. v
pio oo/
s=Jjo s=ge'?
P=0 r—
GH(s)
/—\ o — o "
X% >|é — > o 0
) -1 0 o -K/6
y—>o0
| Nyquist s=tjo Nyquist
Contour I = Plot
s - plane o =0"|
GH(s) - plane
‘ja)
1) small semi-circle at the origin
) — 0
(s=ee! >0, ¢= —90"— +90°) — STee
s+2 g
| GH| = K . 5 \,/é'/ HS
0-1-2 3 S . >
0
£ GH(s) = +90° — —90° 2 1 o
r—0

2) +jw axis (s =jw, w=0" — o)
|GH| = c0 — 0
£ GH(s) = —90°" — —270°

3) —jw axis (s = —jw, w=0 < 00)
s =jwst thA




P
4) infinite semi-circle s=rel?

(s=re!’ r—oo, ¢=+90°—> —90")

|G’H| :LZO \/& y—oco
O o« OO « OO 0 0[
£ GH(s) = —270° — +270° 3¢ e

% A2+E] 540° 3 A 2 -1 0

% Intersection with real axis

= Imaginary part of G’H(s)|5:jw =0
: K JE (1= jw)(2— jw)
GH(jw) = — : — =
T e w2 w) T (i u?) At o)
3 Kw . K(Q—wQ)

() dtwd) T i+ d+d)
= Im(GH) =0 at v’ =2
3K K

6

= GH(]U)) ey = - = —

K
1) If <6, then sy > —1
= N=0 Z=N+PFP=0 “stable*
2) If K> 6, then —%( < —1

= N=2 Z=N+P=2 “unstable*

#* If K=6 = “marginally stable*
char. eq.
s°+3s*+25s+ K=0
S1.23 = 9 +jv2



Example 9.4) System with 2 poles at the origin

K
GH(s)=————
32(7'3—|—1)
sol)
K
SIN=7 127 11 §)= — s)— £ \7s = —
| GH(s) | 5 £ GH(s) 24 (s)— 4 (s +1) (26,+96,)
|s|*|7s+1]
Tjw i
s=ge’?
P=0 ¥V —C0, S:+j60
GH(s)
/7~ X =0 ® =+o0 u
x 4 — o~ BN
1z 0 c o =0 -1
r—o
V\[\ s=-jo \,\
Nyquist Nyquist
l Contour I Plot
s - plane
GH(s) - plane
1) small semi-circle at the origin Aio
(s=cel? >0, ¢=—90"— +90°)
— )Y
| GH| = K o N s=ce
0*-1/7 s+l pe
£ GH(s) = +180° — —180° 5 % o >
1z 0 o
2) +jw axis (s =jw, w=0"— o) r—0
| GH| = 00 — 0 £ GH(s) = —180" — —270°
. . . 5 Aja)
3) —jw axis ¥ s=jw} UFH
s=jo
4) infinite semi-circle
K o o 9/
|GH| = —— =0 £GH(s) = —270" — +270 S,
o
N=2 = Z=N+P=2

Hence, ‘“unstable*



Example 9.5) System with a pole in rhp

B — K\ K — K
A=1— 1
s—1 s(s—1) o o

1+K1(1+K23) R
N s(s—l)
K (1+K,s)
N GH(s)=¥
s(s—1)

% When A, =0

K,
GHl(S)_ s(s—1)
K,
|GH(S)|:W ACG[Jl(S):—L(S)—L(S—l):—(91+92)
jv
Tja) T
w=0"
p=l iy s=ge’?
GH(s) s=+jw
/—\ w=1tc0 y
PO 1 AU
0 1 o -1
S=-jo

s - plane

1) small semi-circle at the origin
(s=cel? >0, ¢=—90"—> +90°)
K
0-1
£ GH(s) = —90° — —270°

|GH| =

= O

o =0

|
GH(s) - plane

2) +jw axis (s =jw, w=0" — o)
|GH| = 0 — 0
£ GH(s) = —270° — —180° |

_10_




3) —jw axis ¥ s=jwe} )P

4) infinite semi-circle

K
|GH| = =0
0 c
£ GH(s) = —180° — +180°
N=1 = Z=N+P=2
Hence, “unstable*
% When A, = 0
K (1+Kys)
GHG) == 1)
K |1+ Ks
|G[1@(s)|:|1JT_i|| LGH(s)= £ (1+Ks)—4(s)— 4 (s—1) =6, — (0,+6,)
I
Tjw ®=0"
P=1 r—ag o ST
s=ge’
GH(s)
/\ W=t y
% )Ié ¢ > ® >
-1/K, 0 1 o -K\K;
s=jw
| ®=0"
s - plane |
GH(s) - plane
1) small semi-circle at the origin
(s=cel” >0, ¢=—90"—> +90°)
|GH| = o
£ GH(s) = —90° — —270°
2) +jw axis (s =jw, w=0" — o) >
c

| GH| = 00 — 0
£ GH(s)= —270° — —180°

_11_




3) —jw axis ¥ s=jwe} UFH

4) infinite semi-circle

o0

|GH| =
o)

— — =0

1
£ GH(s) = —90° — +90°

* Intersection with real axis

K (1+jwk,) K (1+ jwk,)(jw+1)
GH(jw)Z 1 J 2 :J 1 J 2/\J

jw(jw—1) —w(w?+1)
Kwl+K)  K(1-Ku)

- 2 T 2
—w(w*+1) —w(w +1)

1
= Im(GH)=0 at 1—[(2w220 = w2=7

2

-K(+K,)
= GHGW) | oy = ————— = — K

1
1) If KK, <1, then = N=1 Z=N+P=2
2) If K,K,>1, then = N=—1 Z=N+P=0

* If K K, >1, then “marginally stable

_12_

“unstable‘

“stable



Example 9.6) System with a zero in rhp

K(s—2
GH(S)Zi(S 2)
(s+1)
sol)
K|s—2
lars)| =K =20 )= £ (s-2)— 24 (s+1) = 0. 26,
|s+1]
Tjw 4jv
s=tjo
P=0 p—>c0
GH(s)

/_\ a):oi o ==t+o0 u
>0€ O > —>
a1 0 2 o 2K

S=-jo
I
s - plane GH(s) - plane
1) +jw axis (s = jw, w=0" — 00)
|GH| =2K — 0
£ GH(s)=180" — 0" — —90°
w=0" w= +oo
2) —jw axis ¥ s=jwe} hF
3) infinite semi-circle
0
|GH| = —— — = =0
00 « 0O 1
£ GH(s) = —90° — +90°
) If K<1/2, then = N=0 Z=N+P=0 “stable*
2) If K>1/2, then = N=1 Z=N+P=1 “unstable*

% If K=1/2, then “marginally stable*

_13_



9.4 Relative stability and Nyquist criterion

(-1,0) point on the polar plot of GH(jw)

= |GH(jw)|=1 and 4 (GH)= —180°

Example) Return to Example 9.3)

K
GHls) = ss+1)(s+2)

GH(s) - plane

<Nyquist plot>

% Relative stability measure

: the margin between (-1, 0) point and — A7/6

. . 1
1) gain margin = 7

d=|GH(jw)| when « (GH)= —180°

= logarithmic measure

1
GM = 20 log(—) = —201og(d)

d

(FAFG7A K 7kl et o)

2) phase margin = | < (GH)| =, —180° |

Example) K=0" — 6

GM= —201og(K/6) =0 (dB) — 0(dB)

PM=90" — 0°

_14_

on the Bode plot

jv
K>6
unstable
@ =toco
K <6 u
stable
s=tjo
<Polar plot>
stable Aiv
K< 6
f GH(jw)
u
@ =00 >




3

= =7 =7
s+1)(s+2) M eM

Example) K=3, GH(s)= S(

1) GM
d=0.5 = GM= —20log(27') = 2010g (2) = 6dB

2) PM when | GH(jw) |=1

|jwl 11+ jwl| [2+jw] =3 5=7 0.9693

= w\/l—f—w2 \/4+w2 =3
= w2(1+w2)(4+w2) =9
= wWWHsuw F4ur—9=0

= w, o= +0.9693, +0.2504 + j1.7414 o
Hence, w, _4 = +0.9693
£(GH)| y—pos03= — [ £ (Gw) + £ (1+jw) + £ (2+jw)]
= —[90° +44.1069 ° +25.8571 ° |
= —159.964 °
Hence, PM = 180° —159.964° = 20.036 "
% Bode plot of GH(jw) 20log |GH(j o)
1) GM (dB)
£ (GH)=—180"°
= 20log | GH| = —6dB 0 w=0.9693 o
Hence, * E t GM >
6 [ PO . ......
GM=—20log (d) = 6dB ;
2) PM
20log | GH| = 0dB A é
. _ Hw) :
(that is, |GH|=1) : "
= £ (GH)= —160" o >
Hence,
PM=180°" —160° é
=20"° :
-90° :
-180° : °

_15_



5 A
= =7 =7 JVv
s+1)(s+5) M M

Example) GH(s)= o

sol)
Polar plot of GH(s)

1) GM = —2010g(1/6) = 2010g(6) =15.56 dB
2) PM
| GH(jw) [=1
= [jwl [1+jw] [5+jw| =5

= w\/l-l-w2 \/25+w2 =5

= w(1+w*)(25+u?) = 25

= w4 26w" + 25w° — 25 =0

= w,_g = £0.7793, + j1.2842, + j4.9958
Hence, w; _4 = +0.7793

£(GH)| y—pos0s= — [ £ (Gw) + £ (1+jw) + £ (5+jw)]

= —[90° +37.93° +8.86" ]
~ —136.8°

Hence, PM = 180" —136.8° = 43.2°

% Bode plot of GH(jw)
1) GM=15.56 dB

2) PM=180" —136.8°
=43.2 =
)
(0]
©
2
e
g
-150
-90
— -1368°
(@)) - - —_—
o) o
)
© 180
(]
e
o
C0=078]
2270 ©=0.78
1072 107" 100 10’ 102

Frequency (rad/s)

_16_



% Relation of PM and ¢ for 2™ order system

2
w

GH(S):m = T(s)=
sol)

w?
| GHGw)l,,—,, = i —

[ 2 2 2
w, A/ w, +4¢"w;,
= w,\Jw +4Cwk = w’ =

4 2 2 2 4
= w, +4Cw,w, —w, =0 =

n

[\

w,

GH(s)

2

w,

1 where w, is cutoff freq.

N 1+ GH(s)

2 2
w; o[ W,
w;, w

s> +2Cw,s +w’

= — = =20 £ VA +1 = —2¢ + VAt +L

wy,

Phase Margin

®,,=180" + 4 (GH)|

w=w,

1 e

h _
where tan 5 Cwn

=tan

oy 1B A
Py, = 90" —tan "~ =tan 5

_, 2¢
\/—2§2 + V4t +1

Approximation for ¢ < 0.7

= tan

¢=0019,, Eq.
Example) Previous example
GH(s) = ——— 3, = 13°

s(s+1)(s+5)° ~pm
= (=0019,, =043

= M, =122 from Fig. 5.8

wC
=180 —90° —tan *

2Cw

n

V=2 + VA 1 _
2¢

(9.58)

_17_
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9.6 System Bandwidth

the speed of unit step response (¢,, ¢,) o wg

settling time 7, o 1/wp

L 2160+0.6
T wn
Wp
— = —1.19¢+1.8508
wn
4
7T =—
S Cwn

Hence, “large Bandwidth”

1
14+5s”’

Example) T (s)=

420 log | T| ()4

0.2 1
3 dB i 0 NGSTRON 00 NSO

20 log | T,
220 dB/dec og|T:|

Vs

20 log | 7|

W =1, wg, =0.2

1
Example) Tl(s)= 5 00 , T2(3)= 5 900
s“+10s+100 s~ +30s+900
(=05
w,; =10, w,, =30 = wpg = 15, wpy =40
12010g|7] ot
- /(t
N5 /N 40 o Y
3dB N o Koo 1
-40 dB/dec 20 log | 7|
0 i
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